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SUMMARY

A theoretical method 1is presented for calculating the flow
Sield about a wing-body combination employing bodies deviat-
ing only slightly in shape from a cireular cylinder. If the
combination possesses a horizontal plane of symmelry, no
restrictions are required on wing plan form in the application
of the method to the zero angle-of-attack condition. If the
combination is lifting, the method requires that the wing lead-
ing edges be supersonic. Then the extent of the flow field
that can be calculated depends on the wing aspect ratio and
whether or not the trailing edges are supersonic. Two methods
of calculating the flow field, the W-function method and the
multipole method, are presented. The methods as presented
are accurate to the order of quasi-cylindrical theory.

The method is applied to the caleulation of the pressure field
acting between a circular cylindrical body and a rectangular
wing. These calculations are for combinations for which the
effective aspect ratio of the wing panels joined together is greater
than 2 and for which the effective chord-radius ratio is 4 or less.
Two cases are calculated, the case in which the body remains
at zero angle of attack while the wing incidence is varied and
the case in which the wing remains at zero angle of incidence
while the body angle of attack is varied. It was found that
four Fourier components of the interference field are required
to establish the pressure field, but that only one component is
necessary to establish the span loading. A detailed discussion
of the physical nature of the interference pressure field is given.

An experiment was performed especially for the purpose
of checking the calculative examples. The investigation was
performed at Mach numbers of 1.48 and 2.00 with a rectangular
wing and body combination. Both the variable wing-incidence
and angle-of-attack cases were covered. It was found that
Jor sufficiently small angles, about 2° or less, the present method
predicts the pressure distributions within about +10 percent
Jor both cases. Important nonlinear effects were found for
angles of attack and incidence of 4° to 6°, and important
viscous effects were usually found where laminar boundary
layers encountered shock waves.

INTRODUCTION

In recent years the problems of supersonic wing-body
interference have occupied the attention of many workers in
aerodynamics. The large amount of effort expended on the
subject is a result of the important effects that interference
can have on the overall aerodynamic characteristics of

wing-body combinations. The trend toward using large
bodies and small wings at supersonic speeds, especially for
missiles, is the prime reason for the increased importance
of wing-body interference at these speeds.

Much significant work has already bean done in the field.
In reference 1, Spreiter has shown that when a wing-body
combination is slender in the sense of his paper simple expres-
sions for the lift and moment coefficients can be derived.
These results were obtained by reducing a three-dimen-
sional problem for the wave equation to a two-dimensional
problem for Laplace’s equation. Another approach is that
of simplifying the differential equation by using conical
boundaries. Following this approach, Browne, Friedman,
and Hodes in reference 2 obtained a solution for the pressure
field of a wing-body combination composed of a flat tri-
angular wing and & cone both with & common apex. The
use of all-conical boundaries reduces the problem to one of

conical flow for which powerful methods of solution are avail-
able.

Several investigators have presented methods for deter-
mining the pressure field, including the effect of interference,
acting on wing-body combinations employing circular
fuselages and wings not necessarily slender. In reference 3,
Ferrari has given an approximate method of obtaining the
“interference of the wing on the streamlined body, assum-
ing that the induced field generated by the wing is that
which would exist around the wing if it were placed in the
uniform stream alone.” Similarly, the interference of the
body on the wing has been determined. The results of
Ferrari thus represent a first approximation, and while a
second approximation using the method is possible in prin-
ciple it appears that too much labor would be involved.
Morikawa in reference 4 has obtained an approximate solu-
tion by solving a boundary-value problem &nd has also
obtained a closed solution by approximating the three-di-
mensional model by a planar model. Bolton-Shaw in refer-
ence 5 has obtained a solution by satisfying boundary con-
ditions at a finite number of points rather than over a surface.

Another method for estimating the effect of interference
on the acrodynamic properties of wing-body combinations
which are not necessarily slender is given in reference 6.
In this reference the method is applied to determining the
drag of symmetrical wing-body combinations; it is also ap-
plicable to the calculations of the lifting pressures acting on
combinations employing wings with supersonic edges. In

) ! Supersedes NACA TN 2677 “Wing-Body Interference at Supersonic Speeds With an Application to Combinations With Rectangular Wings,” by Jack N. Nielsen and William C.
Pitts, 1952, and NACA TN 3128 “Comparison Between Theory and Experiment for Interference Pressure Field Between Wing and Body at Supersonic Speeds,” by William C. Pitts, Jack

N. Nielsen, and Maurice P. Gionfriddo, 1954
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reference 7, an essentially new method of solving a wide
class of wing-body interference problems has been presented.
The method is based on decomposing the interference of a
wing-body combination into a number of Fourier components
and solving the problem for each component in a manner
similar to that used by von Kérmén and Moore in reference
8 for bodies of revolution.

Phinney, reference 9, has compared the methods of refer-
ences 3, 6, and 7 by applving each to the calculation of the
pressure field acting on a circular cylinder intersected by an
oblique shock wave. 1In reference 10 the theory of reference
7 has been applied to the computation of the pressure dis-
tributions acting on a rectangular wing and body combina-
tion with the body at zero angle of attack and the wing at
incidence. In reference 11 Bailey and Phinney have ap-
plied the method of reference 7 to the calculation of the
pressures on the body of a rectangular wing and body com-
bination at angle of attack but with the wing at zero angle
of attack. In reference 12 the same authors have com-
pared their calculations with some experimental measure-
ments made at a Mach number of 1.9. In reference 13 the
experimental pressure distributions acting on a rectangular
wing and body combination at Mach number 1.48 and 2.00
are extensively compared with theoretical calculations based
on the method of reference 7.

In part 1 of the present report the theory of wing-body
interference for combinations employving quasi-cylindrical
bodies is presented, including recent developments not pre-
viously reported in references 7, 10, or 13. The theory is
applicable to combinations at zero angle of attack with
horizontal planes of symmetry or combinations at angle of
attack if the wing leading edges are supersonic. In part
II the theory is applied to the calculation of the pressures
and span loadings for a rectangular wing and body combi-
nation for the case of the body at zero angle of attack and
variable wing incidence and for the case of the wing at zero
wing incidence and variable body angle of attack. The cal
culations for the sccond case are more complete than hitherto.
In part 1IT extensive comparison is made between the cal-
culations of part IT and the result of experiments at Mach
numbers of 1.48 and .00 especially designed to check the
calculations.

SYMBOLS
a body radius, in.
A aspect ratio of wing formed by joining exposed
half-wings together
¢ chord of rectangular wing, in.
c* effective chord-radius ratio, é
C24(T) strength of multipole of order 2n at point x of
body axis
¢ chord at wing-body juncture, in.
cy chord at wing tip, in.
029: (8) } . .
arbitrarv functions of s
Da(s) :
Jon(®) velocity amplitude function of nth Fourier com-

ponent, in./sec
iw wing-incidence angle, radians except where other-
wise designated, vositive for trailing edge down
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kew

Kw
L
1

Ly
Ly

P2n

o
dr

r,0,x
R.P.
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modified Bessel functions of the first and second
kinds, respectively

iWC, a3=0

w

]'j;ﬂ‘} 'iw':o
“W

lift of combination back to wing trailing edge,
Ib; Laplace transform operator

inverse Laplace transform operator

1ift on exposed half-wings joined together, 1b

lift on exposed half-wings in combination with
body, b

index identifying sets of multipole solutions

free-stream Mach number

characteristic functions for obtaining multipole
strengths

number of Fourier component

static pressure, 1b/sq in.

static pressure in free stream, lb/sq in.

static pressure at any particular orifice of wing-
body combination when ap=ip=0, Ib/sq in.

static pressure at wind-tunnel wall orifice, 1b/sq
in,

o

. 2 .
pressure coeflicient, ——‘—? for theoretical

calculations

interference pressure coefficient
Fourier component

free-stream dynamic pressure, 1b/sq in.

dvnamic pressure based on condition at wall
orifice of wind tunnel, 1b/sq in.

cylindrical coordinates: y=r cos 6, z=r sin 0
(See fig. 1.)

Reynolds number based on wing-chord length

real part

semispan of wind-body combination, in.; Laplace
transform of z coordinate

axial, lateral, and vertical perturbation velocities,
respectively, in./sec

free-stream velocity, in./sec

characteristic functions for calculating pressure
coefficient

Cartesian coordinates: z, axial coordinate; y,
lateral coordinate; z, vertical coordinate, in.
(See fig. 1.)

body angle of attack, radians except where other-
wise designated

upwash angle of body-alone flow, radians

wing angle of attack, radians

VM2—1

effective aspect ratio

due to nth

Dirac delta function;
+co
8(x)=0, r>0; f 3(x)dr=1
polar angle (See fig. 1.)
taper il
aper, c,

dummy variable of integration
sweep angle of wing leading edge
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@ interference perturbation velocity potential

P2n nth Fourier component perturbation velocity
potential

e combination perturbation valocity potential

ow wing-alone perturbation velocity potential

oWy wing-alone perturbation velocity potential due to

the exposed right half of the wing
owy, wing-alone perturbation velocity potential due to
the exposed left half of the wing
wing-alone perturbation velocity potential due to

Wy
the portion of wing inside the region occupied
by body
® Laplace transform of ¢
SUBSCRIPTS
L lower surface of combination
U upper surface of combination

1. GENERAL INTERFERENCE THEORY
PHYSICAL PRINCIPLES

Prior to a mathematical formulation of the wing-body
interference problem, it is well to define interference and to
explain how it arises. With a stationary wing or a stationary
body in a uniform parallel flow, there are associated the
wing-alone and body-alone flow fields. The wing-alone flow
field does not, in general, produce flow tangential to the
position to be occupied by the body surface. As a result
an interference flow field must arise to cancel the flow field
induced normal to the body by the wing. For this reason,
the sum of the body-alone plus wing-alone flow fields will
not be the flow field for the body and wing together. The
difference between the flow field of the body and wing to-
gether and the sum of the body-alone and wing-alone flow
fields is defined to be the interference flow field.

The effects of wing-body interference on the flow field of
a wing-body combination are illustrated by considering
separately the effects of each component on the others. For
the purposes of this discussion figure 1 shows a wing-body
combination divided into the part in front of the leading
edge of the wing-body juncture, henceforth called the nose,
the winged part and the part behind the wing trailing edge,
henceforth called the afterbody. If the combination pos-
sesses a horizontal plane of symmetry and the angle of attack
is zero, no restrictions on wing plan form are nccessary.
However, if the wing is twisted or cambered or if the nose
is at angle of attack, then the wing leading edges must be
supersonice for the following discussion to apply.

~-Forward boundary of

Mach line, | region of influence of
// Nose wave / //' opposite wing pane’
s v
/ 2yl
y Y/ // r
Ve ] 9
/ ~ 7 L .
y— —< % 7 - x z
\\ Nose \\ Afterbody
N \\ N 8=m
N N
N\ \
N NN
N Winged N
part N

Figure 1,—Components of typical wing-body combination.

Effect of nose on wing.—Consider now the flow as it
progresses past the body. At the body nose the flow is that
around a body of revolution, and it can be treated by existing
methods such as those of references 8 and 14. When the
body is at angle of attack o, there is an upwash field in the
horizontal plane of symmetry of the body. If the body is
sufficiently slender, the flow field in a plane at right angles
to the body axis corresponds to that around a circular
cylinder in a uniform stream of velocity, V sin ag. This

gives an upwash field in the horizontal plane of symmetry
of the body of

ay=az(l+a’/y’) 1y
The effect of this upwash on the wing can be obtained by
considering the wing to be at angle of attack and twisted
according to equation (1) and by applying the formulas of
supersonic wing theory. The wing pressure field so obtained
is exact, within the limitations of the theory, for that section
of the wing outboard of the Mach line emanating from the
leading edge of the wing-body juncture. If the wing is
located close to the body nose so that there is a chordwise
variation in the upwash field due to the body, then the wing
is effectively cambered, and the solution is more difficult.
However, for most wing-body combinations it is possible to
disregard the effect of the nose, and to assume that the wing
is attached to a circular cylinder that extends upstream
indefinitely.

Mutual effects between body and wing.—The mutual
interference between the body and wing on the winged part
of a combination causes an interference field acting on the
body and on the wing inboard of the Mach line emanating
from the leading edge of the wing-body juncture. The
wing-alone flow field does not, in general, produce flow
tangential to the position to be occupied by the body sur-
face. An interference flow field must arise that cancels the
velocity induced by the wing-alone flow field normal to the
body while not changing the wing shape. Alternately, the
origin of the interference field can be explained in the follow-
ing manner. The wing and body can be thought of as
sources of pressure disturbances that radiate in all direc-
tions in downstream Mach cones. The wing disturbances
which radiate toward the body are, in part, reflected back
by the body onto the wing and in part transmitted onto the
body giving rise to interference pressures. Likewise, the
disturbances originating on the body pass onto the wing and
affect the pressures there. It is apparent that the determi-
nation of the interference pressure field on the body and on
the wing inboard of the Mach line of the juncture is the crux
of the wing-body interference problem.

Mutual effects between wing panels.—To determine the
region of influence of one wing panel on another, it is neces-
sary to trace the path of a pulse from one wing panel across
the body onto the other. The path traced across the body
by the pulse originating at the leading edge of the wing-body
juncture is the forward boundary of the region of influence of
one wing panel on the body. (See fig. 1.) It is clearly the
helix intersecting all parallel elements of the cylinder at the
Mach angle. The boundary crosses the top of the body a

distance of %‘—'\/M 2_1 downstream and reaches the opposite

wing-body juncture & distance mayM*—1 downstream. A
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pulse originating at a point on one wing panel and traveling
to a point on the other panel can travel around the body on
its surface to the opposite juncture and then along the wing
to a given point, or it can leave the body tangentially before
reaching the opposite wing juncture in a straight path to the
point. The second means of transmitting the impulse is
shorter in distance than the first and is the one which
determines the forward boundary of the region of influence
of one wing panel on the other. Applying this consideration
to the pulse originating at the leading edge of one wing-body
juncture, it is easy to show that the forward boundary of the
region of influence of one wing panel on the opposite wing
panel is given by the equation

T 1 a
ﬁz(r—cos 1 —y') a+ \/y2_¢12 (2)

This boundary is also shown in figure 1, and it becomes
parallel to the Mach line at distances far from the body.

Effects on the afterbody.—As far as the interference
effect of the body on the wing is concerned, it is confined to
the winged part of the combination, but the effect of the wing
on the body is felt also on the afterbody. For a symmetrical
configuration at zero angle of attack there is no downwash in
the horizontal plane of symmetry and the afterbody presents
no particular problem. However, behind a lifting wing there
is a downwash field. If the downwash were known every-
where in the wing wake, then the wake could be considered as
an extension of the wing with twist and camber. The wing
wake and afterbody could then be incorporated with the
winged part of the combination and treated in the same
manner. However, the actual downwash pattern in the
wing wake depends on the interference effect of the body on
the wing. It is thus apparent that the solution of the after-
body problem requires that the interference problem for the
winged part of the combination be solved first. Only the
winged part of the combination is analyzed in detail in this
report.

Regions of applicability of the theory.—The present
interference theory can be applied to all or part of a wing-
body combination depending on the configuration and the
lift. If the combination is not lifting and possesses a hori-
zontal plane of symmetry, then the interference pressure
field can be determined for the entire combination. For a
lifting combination with subsonic leading edges the upwash
field in front of the wing makes the present method in-
applicable.

For a lifting combination with supersonic leading edges
several geometric factors considerably influence the difficulty
of calculating the interference field or indeed the extent to
which it can be calculated. The effect of one of these factors,
the sweep of the trailing edge, is illustrated in figure 2 (a).
A subsonic trailing edge gives rise to multiple Mach wave
reflections which greatly complicate the determination of
the interference field over the rear part of the wing. Another
important effect limiting the applicability of the theory is
tllustrated in figure 2 (b). This figure indicates that the
interference field behind the incident wave can influence the
tip upwash field which, in turn, influences the pressure field
behind the reflected wave from the tip in a complicated way.

>

=)

s d\\
“eflacte
R N

MUl pe
Nocn wave
ellections

(c)

A

(a) Subsonic trailing edge.
(e) Simple case.

(b) Effect of wing-body interfer-
ence on tip upwash field.
(d) Traetable caxe.

Fi1gUure 2.—Classes of interference problems for lifting wing and body
combinations.

Avoidance of this complication requires that the ineident wave
intersect the trailing edge rather than the wing tip. To
assure this condition, the aspect ratio must be greater than

a certain minimum value in accordance with the following
inequality:
E 2N
Az tan A
a0 (1= )

One of the simple cases of wing-body mterference for a
lifting wing and body combination iz shown in figure 2 (¢).
Here the leading and trailing edges are both supersonie, and
the root-chord Mach wave intersects the traihng edge.
Also the wing-tip Mach wave interseets the body downstream
of the wing-body juncture so that no wing-tip cffects oceur
on the wing interference pressure field. This condition
imposes the aspect-ratio inequality:

4
ﬂ"l Z Trmm e tﬂwll“\:
a+n (147
Under the eircumstances of this figure. the mterference
problem proceeds as if the combination had a honzontal
plane of symmetry. Any body upwash field in frout of
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the wing can be treated as equivalent to a change in thick-
ness distribution. The rectangular wing of aspect ratio
greater than two is an example of the simple case, and it
will be treated as an illustrative example in this paper.

An example of a tractable although fairly complicated
case to which the present theory can be directed is shown in
figure 2 (d). In region A the pressure field is determined
as a pure wing-alone problem with any body upwash being
treated as equivalent to a change in thickness distribution.
In region B the problem is still a wing-alone problem which
is complicated by upwash outboard of the tip. In region
C there are body interference effects but no tip effects.
In region D both effects prevail. In region E the tip has
influenced the flow at the body surface and produced a
secondary effect on the interference pressure field.

MATHEMATICAL FORMULATION OF PROBLEM

Throughout the analysis, the body radius is taken as unity
and M? is taken as 2 so that §=1. Any formula can be
generalized to any body radius by dividing all length symbols
by a, and to any Mach number by dividing all streamwise
lengths by g8, by multiplying all pressure and lift coefficients
by 8, and leaving all potentials, lift forces, and span loading
unaltered. It is necessary to specify the wing alone before
any detailed interference calculation can be carried out.
However, in the theoretical solution of the problem the
wing-alone definition is arbitrary. The flow field about
the combination does not depend on the definition of the
wing alone.

General decomposition of boundary-value problem.—
The general case of a combination at angle of attack with
the wing at incidence as shown in figure 3 is considered.
The mathematical details of the decomposition of this
configuration into tractable configurations is carried out in
detail in Appendix A following the suggestions in reference
15. A simplified discussion of the decomposition is now
presented. The complete combination can be decomposed
into three component configurations as shown in figure 4 (a)
in which the wing boundary conditions are to be applied
in the z=0 plane and the body conditions on the r=1

x B
0

Ficure 3.—General combination under combined effects of angle of
attack and wing incidence.

cylinder. Component (1) is simply the body alone, which
creates an upwash field @, in that region to be occupied
by the wing in accordance with equation (1). Components
(2) and (3) are combinations with wings of the same plan
form; but while component (2) has a wing at angle of attack
iw, component (3) has a wing with angle of attack —a,,.
The significance of this particular method of decomposing
the general wing-body problem is that component (1), the
body alone, can be solved by known methods and com-
ponents (2) and (3) with bodies at zero angle of attack
can be solved by the methods of this report. In the wing-
incidence case where az=0, only configuration (2) remains.
This configuration can be decomposed into a wing-alone
problem and a distorted-body problem as shown in figure
4 (b). We confine our attention to this wing-incidence
case for the time being.

-8 Pt 4B =0 g =0
s Ve
e T BN
w wl = ,'La,, ay :' + iy iwl * |~y -a,
- | L
(1) (2) (3)
(o)
V (15-0 :
|
|
Iy iw =
A [
|
|
< L
2}
AA
)

(b)
(a) Decomposition of general wing-body combination.
(b) Decomposition for wing-incidence case.

Ficure 4.—Decomposition of wing-body combinations into simpler
combinations.

Consider now a combination with the body at zero angle
of attack and let ¢¢ be its potential. (See fig. 4(b).) This
potential can be considered the sum of a wing-alone po-
tential ¢ and of an interference potential ¢.

ec=oewto 3)
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Since the body is an infinite circular cylinder at zero angle of
attack, it produces no flow field. If the body were quasi-
cvlindrical with small distortions, a potential due to the
body could be included in equation (3). If the body has a
horizontal plane of symmetry, the inclusion of a potential
due to body distortion will not change the interference
potential.

The essential problem is to determine ¢. First, select a
convenient way of extending the wing through the body to
form the wing alone, thereby specifying ¢w. The wing-alone
flow field in general produces velocities aai:' normal to the
surface that will enclose the circular cylinder as illustrated
in figure 4(b) for the region above the wing. In figure 4(b)
and subsequent figures, all bodies are shown as cylinders
parallel to the r axis. While the bodies of the component
configurations in some cases are slightly distorted cylinders,
they are nevertheless shown as true cylinders. This pro-
cedure is compatible with the fact that the boundary eon-
ditions are to be applied on a true cylinder. The value of
»ag,-f'i varies with ¢ and with r. This means that a body con-
forming to the wing-alone flow field is distorted in a compli-
cated fashion. Now since the body must be circular, there

must arise an interference potential ¢ that identically cancels

Oow . .
—g;‘f at the body surface, thereby straightening it.

O¢p  Oopy

3;—_ y at r=1 (4)
There are two other conditions to be fulfilled by ¢. It must
not distort the shape of the wing when added to ¢y to pro-
duce oo. Thus when =0,

10¢p

708" (5)
or 1y=0 for the interference combination as shown in figure
4(b). The last condition is that the interference potential
must be zero ahead of the winged part of the combination.

p=0, <0 (6)

Equations (4), (5), and (6) are the essential boundary con-
ditions on ¢.

The normal velocity g—‘g to be induced at the body surface

by the interference potential can be analyzed at any given
streamwise position as a Fourler cosine series. The ampli-
tudes of the various Fourier cosine terms, fs, (x), vary with z,

the streamwise distance. Thus,
a(p_ > a‘Pw
or — 22 fan(0) cos 2no=—"X at r=1 @)

Only even multiples of 6 are considered because of the vertical
plane of symmetry. Consider that the interference po-
tential is decomposed into a series of potentials such that
each cancels one Fourier component of the velocity at the
body surface; that is,

‘P:"Z:o P2n (8)

with
a§D2n
or

=f1.(7) cos 2n8 at r=1 9

Then the combination giving the interference potential ¢ can
be decomposed in a series of combinations, each giving one of
the ¢, values. The decomposition is illustrated in figure 5.

e as

Ficvre 3.—Decomposition of interference combination into series of
Fourier component interference combinations.

For n=0

and there is no variation of the normal velocity, pressure, or
potential with 8. Thus the first interference combination is
a body of revolution. The pressure field acting on the body
of such a combination can be determined by the method of
reference 16. This n=0 interference combination has the
very simple significance that its flow normal to the r=1 cyl-
%’, subtracted from g—-‘i reduces the flow across the
body to zero when averaged from 6=0 to §=r at any stream-
wise location. For n=1,

inder,

%%z_ﬁ(r) cos 26
and the normal velocity, pressure, and potential will vary as
cos 26.

To summarize briefly, it has been shown that the general
interference problem of a body and wing at different angles
of attack can be broken down into wing-body problems with
bodies at zero angle of attack as shown in figure 4 (a).
Combinations with the bodyv at zero angle of attack are
decomposed into wings alone plus interference combinations
as in figure 4 (b). The interference combinations are finally
decomposed into their Fourier components as in figure 5.

A general method for determining the characteristics of
any Fourier component will now be given. It will be shown
that good accuracy can be obtained for the interference
potential with few Fourier components.

SOLUTION BY METHOD OF W FUNCTIONS

The problem to be solved is that of a supersonic wing and
body combination subject to the conditions already men-
tioned, but with the wing and body possibly at different
angles of attack. This problem is reduced to a body-alone
problem and two wing-body problems with the body at zero
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angle of attack as shown in figure 4 (a). The body-alone
problem can be solved by existing methods such as references
8and 14. The procedure necessary to solve either wing-body
problem as given in reference 7 is now summarized together
with recent improvements.

The potentials ¢¢, ow, and ¢ must all fulfill the equation of
linearized compressible flow

(Mz_l)ﬂou_‘PW*‘Pzz:O (10)

If we restrict ourselves for the time being to the case M= 2
and transform equation (10) to polar coordinates, we have

1 1
¢rr+; ¢r+;§ P00~ pr:=0 (11)
with the coordinate system of figure 1. In solving the prob-
lem we change from the physical space, z, r, 8, to the trans-
formed space, s, r, 6, by means of the Laplace transformation

Liow@)= [ e rola)iz=20) 12)

With the boundary condition given by equation (6) that ¢ is
zero 2 for <0, equation (11) can be transformed to

1 1
@,,—}—; ‘P,-l—;—z‘ @90—8243’:0 (13)

Expanding & in a cosine series of multiples of 8, we can
satisfly the boundary conditions given by equation (5), and
since there is a vertical plane of symmetry, we can confine
ourselves to even multiples of 8. With this restriction, gen-
eral solutions to equation (13) can be written

=33 005 200 [C@Kunls) + DonIialsr)]  (19)

where I,(sr) and K,,(sr) are modified Bessel functions.
The constants (,,(s) and D,,(s) are arbitrary functions of s.
The functions 1,(sr) can logically be eliminated at this point
since from their asymptotic forms they can be shown to
represent waves traveling upstream. The function C.,(s)
can be evaluated by means of the remaining boundary con-

dition given by equation (7). If we let
then F2u(8)=L] f24(x)] (15)
Cul— s (16)
We then have as the operational solution to our problem
b= Z cos 2n0F,,(s) =22~ Konlsr) 17

a=o sK>'(s)

The solution can be split into the product of two trans-
forms, one dependent on the particular boundary conditions
as represented by the F;,(s) functions and another part

3 The condition frequently stated in deriving equation (13), that ¢.=0 for z=0*, is not
required as proven in reference (17). This is in accord with the intuitive physical idea that
any step in ¢, at the origin can be réplaced by a continuous curve which for engineering
purposes can have an effect different from that of the step only ip a limited local region.

independent of the boundary conditions. The inverse
transform of the product of the two transforms can then be
determined by the convolution integral. The part of the
transform independent of the boundary condition can be
thought of as defining a set of characteristic functions or
influence coefficients. A tabulation of these functions allows
a numerical solution of the problem for all boundary con-
ditions.

The manner of splitting equation (17) into two transforms
depends also on the existence of the inverse transforms of
the parts into which it is split. Let us write equation (17) as

e TV K, (sr) L 1

=> cos 2niF,,(s)e~* "~V
n=0

Ko'(e)  TVr
(18)
With the aid of the following relationships

LYFy(s)e* " V=frn(x—r+1) (19)
LY (sd)=¢, (20)

and the definition of the characteristic functions
L [e""” Ez"g?g-l-#] =W, (z,7) (21)

2n

we obtain

—_-i cos 2nf [Iz SaulE—r+ I)W’g,,(z-g,r)dg_.w]
n=0 r—1 \r

=§ cos 2nf [f

With the aid of the W,(x,r) functions, the value of ¢,, and
hence the pressure or potential anywhere, can be calculated
from equation (22) by numerical integration for as many
harmonics as desired. This result was previously given (refs.
7 and 10) for the r=1 case only as

FonEWa(x—r+1—£,r)dt— fzn(l r+1)]

22

b= c05 208 [ f ’ fn(s)Wu(x—z)de—fznu)] ©3)

and the W,,(z) functions were tabulated for numerical cal-
culation of the body pressure distributions only. The gen-
eralization of the W,,(z) function to W), (z, r) functions by
means of equation (21) is a natural extension that permits
the simple calculation of the pressure anywhere in the flow
field. Some mathematical properties of W, (x, 7) functions
and methods for their evaluation by automatic computing
machinery have been studied by Dr. W. Mersman of the
NACA. A résumé of his results is reported in reference 18.

Properties of the W,,(x,r) functions.—Two important
properties of the W,,(x, r) functions that make them useful
for numerical work are that they possess no singularities in
the field and their magnitudes never become large. These
advantages are in distinct contrast to several disadvantages
of the multipole method subsequently to be described.
Curves of the W5, (z, r) function are presented in chart 1 for
n=0, 1, 2, and 3 for use in numerical computations.
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A simple physical picture of the W;,(z, r) functions can be
obtained from equation (22). Write the interference pres-
sure coefficient ® due to any harmonic as

( bqoz,, 2 cos 2n8 [ fou(z—r+1)
1% Vv \r

-7+
f ‘fzn(E)Wzn(x-r-H—E,r)dE] (24)

Let the velocity amplitude function be a delta function at
the origin as shown in figure 6. Then

R

14 v
Y

O

)

X 1
4

,~Unit area
e

X

Freure 6.—Fourier component interference combination with “delta
funetion’ protuberence at z=0.

It is seen that physically the W,,(z, r) function represents
the pressure field due to a delta function in the velocity
amplitude function. The first term represents an infinite
pulse propagated along the Mach cone with apex at z=—1
and attenuating inversely as 7. The Wy, (z—r+1, r) term
represents the overexpansion behind the bump where the
pressure would be zero if the flow were two-dimensional.

Formulas for the W,,(z, r) functions for small z and large
z can be obtained from Laplace transform theory. In fact
these results are

Wi~ 25+0 (;13-) (26)
n —2n 4n+2
Wanlayr) ~ LTGRO (1) @)

3 The equation for pressure coefficient to be used with equation (23) can on theoretical
grouads be changed in going from the wing to the body of the configuration as discussed in
reference 11. However, for simplicity, the linearized form of the Bernoulli equation is retained
throughout the theoretical calculations. The contribution of the quadratic terms to the
body pressure coefficient is subsequently discussed for the case of the combination at angle
of attack.

W,(z,n)=

347 ) (115206 @9

0= [ aen -4 =1 (20)
8'\"7‘ r
It should be noted that the value of W,,(0, r) is known
precisely.
SOLUTION BY METHOD OF MULTIPOLES
Multipole types.—In references 7 and 10 a multipole
method was used to determine the pressure field off the body.
The singularities arising in this method, together with the
loss of accure~v for the higher harmonics due to large numbers,
led to the development of the W,.(z, r) method just de-
scribed. Since the multipole method has application to
certain problems and since its connection to the W,,(x, 7)
method is of interest, it will be given here. In the W,.(z, r)
method the pressure field is determined by using boundary
conditions on the body surface and continuing the pressure
field outward from the body. It is intuitively obvious that
any quasi-cylindrical flow can be generated by distributing
sources and multipoles along the body axis in variable
strength. If the strength of the axial multipole distributions
can be related to the body shape (velocity amplitude func-
tions), then the entire flow field can be calculated outward
from the axis.
Consider equation (14) which, with D,,(s) equal to zero, is

@ziOg,,(s) cos 2n8K,,(sr) (30)
n=_

This equation can be interpreted to mean that the poten-
tial is built up from a distribution of multipoles corresponding
to the inverse transform of cos 2n6K,,(sr) along the z axis
in strength ¢,(z). However, there are many possible sets
of multipoles corresponding to 2 integrals or derivatives of
the set just mentioned. These are generated simply by
rewriting equation (30) as

=3 (a9 [

The first term represents the axial strength function, and the
second term represents the fundamental multipole solutions.
For each value of the index m there is obtained a distinct set
of multipole solutions. For selected values of m the multi-
poles have the following forms:

c0s 2n8K;,(sr)
s )

m=0 A
-1
c0s 21 OL_,[K“(sr)]_cos 2n8 cosh (2n cosh :c/r) >
. -\/.l' —?
=0; rr |
m=1
c0s 2n0L-"1 [Kz,‘;(sr):]= smh (2n2c:sh ‘x/r)’ >0
> (32)
=0; xr
m=2n
1 [ Kau(sr (2n AN
cos 2ngL~! l{,;—) = (4 ;‘< )
(x* _r2)2n—1/2; >r
=0; xr
P
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For positive values of m it is clear that at the Mach cone
(r=r) no nonintegrable singularities occur. For negative
values of m, derivatives of the m=0 multipoles are en-
countered and the singularities occur on the Mach cone
rather than on the axis. Since these singularities occur in
the flow field, they are not well suited to numerical methods
of analysis. Another set of simple multipoles with singulari-
ties on the Mach cone are those of reference 19 given by

r2"cos 2nb
(x2_,’.2)2ﬂ+1/2
Multipole strengths.—The first step in determining the

interference potential by the method of multipoles is to
determine the multipole strength from the velocity amplitude
functions. For the m=0 set of multipoles the relationship
between these two quantities is already given by equation
(16)

F 2n (‘g)
sK,4'(s)
If the potential at a point P as shown in figure 7 is desired,
the

Con(s)= (33)

»z
‘} / Magh lines
AN,
Y \y,P(x,y,z)
7 /
4 s
7 Ve
/ /
(b % Q
£ Z X

0 )

Frcure 7.—General point at which potential is to be determined.

multipoles must be distributed from --1 to z—r along the
body axis. Since Laplace transforms must be zero for

1 <0, the axial distribution must be shifted a distance at

least unity to the right by intreducing e¢~* into the transform

s _ 1
O~ s | Fon) (34
Equation (34) defines a Faltung integral involving a new set
~ of characteristic functions given by

M, (@)=L (35)

1
eSSKzn’(s)]
These characteristic functions have been studied in reference
7, are tabulated in table I, and are plotted in figure 8.
Forming now the

Mglx)
1o}
Mx)
st M)
M (x)
2 M)
_SL
1ot
0 5 615 20 25 30 35 40

X
Ficure 8.—Graphical representation of M,,(zx) functions.

Faltung integral of equation (34) we obtain

Con(z—1)= f " Fon® Man(e—8) e (36)

The function M,,(z) has a square-root singularity at the
origin so that ¢,,(x—1) will be finite if f,,(x) is finite. How-
ever, f,,(z) may have a singularity which in confluence with
the square-root singularity of M,,(z) produces a singularity
n e,(r—1).

Increasing the index m by unity has the effect of integrating
the set of multipoles with respect to z and of differentiating
the axial strength functions by z. While this decreases the
order of the singularities of the multipole solutions, it in-
creases the order of the singularities of the axial strength
functions. The highest index m that does not lead to singu-
larities thus depends on how many nonsingular derivatives
€2,(z— 1) possesses, which, in turn, depends on the smoothness
of fon(z). In the calculations for the wing-incidence case
(ref. 7) f..'(x) has a square-root singularity at z=1 so that
¢ (x—1) has a logarithmic singularity. Since ¢,(z—1)
corresponds to m=0, it was possible to use multipole solu-
tions of the m=1 class and still obtain integrable singular-
ities in the axial strength functions.

Properties of the M,,(x,r) functions.—The M,,(z,r)
functions have simple physical significance. Let the velocity
amplitude function be that corresponding to a delta function
as shown in figure 6. Then by equation (36)

Con(2—1) =M, ()

Thus the M,,(xr) function represents the distribution along
the axis of multipole strength for the m=0 set of multipoles
necessary to make the velocity amplitude function a delta
function. Correspondingly, it is the distribution necessary
to produce a pressure field corresponding to the W, (z—r—+1,r)
function. Equations (25) and (30) yield the relationship
between the W,,(x,7) and M,,(x) functions.

cosh <2n cosh™! g1

r
TG
z>r—1 37

Wy, (z—r+1, r)=% j;z_lMZn(x—E) dt

Series for the M,,(z) functions for small and large values
of the argument have been obtained by the standard methods
of Laplace transform theory in reference 7

153 2 439 2
Mn(z)z_‘,?g [‘%_(16n4+3) \/5+256n 936n +33 oy ]

(38)

The square-root singularity of M,,(z) at the origin is note-
worthy. For the asymptotic result only a single term has
been calculated

M, @)~—3; (39)
~16n(60)! 1\g01,
M2n(z)"’m7;2(egT 'x') + (40)
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Span loading and pressure coefficient.—From equation
(31) the potential can be written

q:.—_i; cos 2nf e, ()] (K, (sr)e’] (41)
so that i
. . Ca,(r—1—F) cosh <2n cosh™! i}})
go==7§) €os 2nofr_] ————e _}@?152?7’* ——d: (42)

From this result the potential can readily be obtained and
hence the span loading. The pressure coefficient follows
directly from equation (42) using the linearized form of
Bernoulli’s equation

2
P=—% e (43)
Thus
r -
92 | ¢2,(—1) cosh (271 cosh™? Jf%)
P=—% 2n8 N )
V,g cos 2n i Ny +
D Czn(-l'_‘l —E) cosh (2]2 cosh~! gj.j)
> N r/ d (44)
r—1 br

A

The practicability of using this result for calculating the
pressures depends in the first place on the accuracy with

. o . .
which oz c2n(x—1—§) can be calculated. Since this calcula-

tion depends on the M,,(r) functions, which are tabulated
at the present time only to the third decimal place, only
three significant figures will usually be obtained for the axial
strength functions. For higher harmonies and large values
of z, loss of accuracy is incurred through the nature of the

multipole solutions themselves. The following tabulation
illustrates the point.

cosh(2n cosh ~lr)

AN

N\ ‘

. 0 1 2 3 |
X ‘\

1 1 1 1 1
2 1 7 97 1, 350
3 1 17 580 19, 600
4 1 31 1920 119, 000

Although the set of multipoles used here is not well adapted
to the calculation of pressure coefficient for high harmonics
and large values of «, it nevertheless is useful for caleulating
span loadings since only one or two harmonics are needed
in this case. The difficultics of computing pressure coeffi-
cient are alleviated in part by the fact that the pressure
disturbances due to higher harmonics damp out within a few
downstream radii. In reference 7 the pressure coefficients
were computed up to the fourth harmonic (r=3) but with
some difficulty. The use of a set of multipole solutions other
than the m=0 set does not hold much promise since increas-
ing the value of = introduces singularities into the axial
strength functions and decreasing the value of m introduces
singularities into the multipole solutions. While these sin-
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gularities are tractable using the methods of analysis, they
are not adapted to the numerical methods used herein. The
method utilizing the W,,(z,r) function avoids difficulties
with large numbers and with singularities.

II. APPLICATION OF THEORY TO COMBINATION OF
CIRCULAR BODY AND RECTANGULAR WING

In this part of the report calculations are carried out to
determine the pressure field acting on a wing-body combina-
tion employing a rectangular wing with no thickness. The
calculations are first made for the body at zero angle of attack
with the wing at incidence—the wing-incidence case. The
calculations are then made for the body at angle of attack
with the wing at zero angle of incidence—the angle-of-attack
case. For the calculations attention is focused on the upper
half of the combination since the experimental measurements
were made for the upper half.

WING-INCIDENCE CASE

The complete pressure field will now be calculated. As
previously mentioned, the wing alone can be specified in
any convenient manner and, for the purpose of the example,
the wing alone is taken as the rectangular wing extending
straight through the body from side to side. Although the
analysis as carried out is for M=42, the results are pre-
sented in a form applicable to a range of Mach numbers.
The steps in performing the calculation are: (1) to determine
ow, the wing-alone potential; (2) to determine the velocity
amplitude functions, f;,(z); and (3) to determine the
potential or pressure, as desired, anywhere in the field. No
tip effects are considered until the results are presented as a
function of wing aspect ratio.

Wing-alone potential —The wing-alone flow, exclusive
of tip effects, can be determined from the Ackeret theory.
The flow at a spanwise station out of the region of influence
of the wing tips is illustrated in figure 9. The potential for
the flow above the wing is

ew=V2x when 22>z (45)

ow=Vr+1wV(x—z) when z<x (46)

Oow

%y

The sidewash produced by such a potential is zero, and

7 .
4 -Mach lines

/ o~

Ficuore 9.—Flow field produced by wing alone.
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Vig 8 sm"x V’w
e
]

Ficrure 10.—Variation of normal velocity induced at body surface by
wing alone; unit bedy radius; wing-incidence case.

on (x)
Vig

Figure 11.—Graphical representation of velocity amplitude functions;
wing-incidence case.

o] . . .
the downwash —a%'f is uniformly —i,V. The downwash

causes a flow normal to the surface r=1 in amount —i4V
sin 6. This means that, for a body conforming to the wing-
along flow, the deformation is zero at the wing-body junc-
tures and a maximum on the top of the body. The inter-
ference combinations when added to the deformed body
straighten it out Fourier component by Fourier component,

Fourier amplitudes of body normal velocity.—The Fourier
amplitudes of the normal velocity induced by the wing-alone

potential at the body are determined by expanding aa‘p;"

r=1 in a Fourier cosine series of even multiples of 6. The
normal velocity distribution is shown in figure 10. For
r>1 the body is totally immersed in the wing downwash

at

field. With the usual equation for obtaining the Fourier
amplitudes of a function, there is obtained
2 sintr . .
fo(r)z;f 1wV sin @ do 47)
0
4 sin-tr . .. .
Janlr)=> iw) sin 6 cos 2n6 do (48)
0
The integrations give
fo(x)=2‘:r7“w (1—y1—2%) when z<1 (49)
folz)= V“V when z>1 (50)

Fule Viw [2 cos (2n~—1)w 2 cos (2n+1)w
2n(®)= 2n—1 2nF1

4
1—2—_—1] when « S 1 (51)

San(@)="= (44‘2/ZW—) when z>1 (52)

where w=sin"'x. The f,,() functions are shown in figure 11.
The constant values of f,,(x) for 2>1 are noteworthy.
The values of f,,(2) are tabulated in table II.

Interference pressure distributions.—The interference
pressure distributions have been calculated for the first
four Fourier components and are presented in figure 12.
In this figure the abscissa is proportional to distance behind
the Mach line originating at the leading edge of the juncture,
as illustrated in part (a) of the figure. Although the calcula-
tions have been carried out for M=+/2, that is, 8=1, and
for unit radius, they are generalized to all Mach numbers

and body radii by replacing x—r+1 by Bv—-——{-l and P, by

8P, as has been done in the figure. From the figure it is
apparent that the cusps in the pressure distributions are

. r
propagated downstream along lines of constant Exd_a+l or

x—pr; that is, along the downstream characteristics. As
the pressure distributions move outward from the body
along the downstream characteristics, they are distorted
and decreased in magnitude.

Increasing the order of the Fourier harmonics causes two
important effects: first, the number of points of zero pressure
is increased and, second, the pressure coefficient damps
more rapidly. As a result of the first effect, the contribu-
tions of the higher barmonics to the combination span
loading are proportionally less than their contributions to
the pressure coefficient; while, as a result of the second
effect, the more remote a point is from the leading edge of
the wing-body juncture, the fewer the number of Fourier
components that must be included to obtain its pressure
coefficient accurately. All interference pressure distributions
exhibit discontinuities in slope at B%-—g—{—lzl. This be-
havior is a consequence of the fact that the body becomes
totally immersed in the wing-alone flow field for this condi-
tion. When the pressure distributions of the various Fourier
components are added together to obtain the interference
pressure distributions, the discontinuities in slope tend to
cancel so that the pressure distribution for the combination
will be smooth,

A detailed examination of the interference pressure dis-
tribution for the first Fourier component illustrates several
points of interest. The importance of the component arises
from the fact that it accounts for most of the effect of inter-
ference on the span loading. The reason for this is that the
pressure coefficients for n=0 are of invariable sign. The
effect, of the first Fourier component is to reduce the velocity
induced normal to the body by the wing-alone flow field to
zero averaged around the body from §=0 to 6= at any stream-
wise location.
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Figure 12.—Interference pressure distributions of various Fourier components; wing-incidence case.
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For purposes of comparison with the exact results for
n=0, some approximate results have been included in

figure 12 (a). For values of £<1 on the body, the Ackeret

value of P, (twice the local stream angle divided by 8) is a
close approximation to the true pressure coefficient. This
is the result of the facts that the part of the body affecting
the interference is effectively plane for points near the lead-
ing edge of the wing-body juncture and that there is no
variation of any quantities with 8 so that an approximate
As ‘% increases beyond
unity on the body, there is a rapid decrease in the pressure
coefficient below the Ackeret value due to the effect of all
disturbances in front of the point in question as represented
by the integral of equation (24).

In reference 7, the following approximate results were

two-dimensional situation prevails.

obtained for small and large values of —z—-—-g-i—l for the pres-

Ba
P2 (i)

sure coeflicient:

(53)
4w
BP2,—> nr(ﬁ &+1) cos 2n6
o r
4'iw x -1
o (5) )
P, 32iw(@n)r"+r™) cos 2nf (ﬁi ) wn [ G4
B 2n 1‘(21}!)2(471/2—1)24"'*'1
X
a8 —>

For ﬁ—:;—g—l—l <0.6 equation (53) is a good approximation for

n=0 although it is of little value for higher-order harmonics.
There is a general tendency of P, to approach a uniform value

independent of r as ﬂ-:f[——g-l-l becomes large, as shown by

equation (54). The damping in the characteristic direction,
although initially inversely proportional to the square root
of r, is ultimately independent of r.

Pressure distribution in juncture of wing-body combina-
tion.—By adding the interference pressure coefficients of
the various Fourier components to that for the wing alone,
the pressure distribution for the combination is obtained.
The addition has been carried out for the wing-body juncture
using four Fourier components and six Fourier components,
and the results are presented in figure 13. The pressure
coefficient with interference is less in magnitude than 2, the
value without interference, showing that significant losses of
lift occur in the wing-body juncture. A comparison of thz
results for four components and six components shows that
four components give good over-all accuracy for all values of
For small values of ‘% in the wing-body

juncture, the curvature of the body insofar as the flow is

g—lgreater than 1.

-20
> ~{—Four Fourier components
b 4—Six Fourier components
~,
-1
6 \7" j\ /
“-Equation (55) T
~1.2
Br
Iw
-8
[Junctureq|
.o
-4 e
%—3
o,
0 5 10 15 20 25 30 35 40

x/Ba
Ficure 13.—Theoretical pressure distribution at wing-body juncture

of combination using four and six Fourier components; wing-
incidence case.

concerned is not large so that the body is effectively a vertical
boundary on which a given distribution of normal velocity
is producing an interference field. Supersonic wing theory
applied to this condition gives for the net interference pres-
sure coeflicient (ref. 7).

ﬁP x

4z
—=—— when ———0 55

3xpa " " Ba (55)
It is clear that the calculated results can be jointed smoothly
to this result. Using the result of equation (55) enables
satisfactory results to be obtained with four Fourier com-
ponents.

The critical region in the convergence of the solution is
that near the leading edge of the wing-body juncture. The
higher harmonics have their most important effect near here
and rapidly damp downstream along the body. Hence more
and more Fourier components would be required to get
accuracy for smaller and smaller values of i.
with the result of equation (55), this extra work is unneces-
sary.

One point of interest in figure 13 is the fact that when B{—L

However,

equals approximately 3, the pressure coeflicient increases in

magnitude. This is due to the fact that for é >« the influ-

ence of the opposite half-wing is felt in the wing-body
juncture.

Pressure distribution on top meridian of wing-body
combination.—The pressure distribution on the top meridian
of the wing-body combination is obtained in the same fashion
as that at the wing-body juncture, the difference being that.
the pressures due to the even number Fourier components
have the same sign at the meridian as at the juncture, whereas
the odd numbered components have reversed signs. The
pressure distributions based on four and six Fourier com-
ponents are shown in figure 14.

Several interesting effects are exhibited by the results.
The step in the wing-alone pressure at T—1is effectively

Ba

canceled by the interference pressures of the Fourier com-



QUASI-CYLINDRICAL THEORY OF WING-BODY INTERFERENCE AT SUPERSONIC SPEEDS 15

-20 r i y
~Wing oclone ~
I
-16 [
A
. ~
-2 A
Equation 564
BP
— -8 -
w . ; g)
— P
-4 Wing alone plus y
’ .-~ four Fourier / N\
/ components Top meridian -*
| |
0 < T T
/ NP “I"~-Wing alone plus six
0] FOlfriel' colmponelnts
'40 4 8 1.2 16 20 24 28 32 38 40

x/Ba

Ficure 14.—Theoretical pressure distribution on top of combination
using four and six Fourier components; wing-incidence case.

ponents from T —1to £=7r/2, and for = > w/2 the pressure

Ba Ba Ba
increases rapidly and tends toward the two-dimensional
value. The effect of the interference pressure in canceling
the effect of the wing alone on the top of the body from

ﬂ_a_l to %-r/? is to be expected since the wing of the
combination can have no effect on the top of the body unless

£>1r/2, as has been already pointed out. If an infinite

Ba —

number of Fourier components had been taken, the pressure

coefficients would be identically zero from L0 to -'T4=1r/2.

Ba Ba
The general behavior in this regard is evidence of the plausi-
bility of the calculated results.

The tendency of the pressures to approach an asymptotic
value is also illustrated by figure 14. This asymptotic
value represented by the sum of the wing-alone pressure plus
the asymptotic results for the first Fourier component is
given by the following equation:

8P 4 )
EN_2+7rx/Ba (06)

For ;(—L >2.4, the results of this equation are in good
agreement with the results of figure 14.

Some evidence is furnished from the pressure calculations
for the juncture and top of the body concerning the number
of Fourier components necessary for accuracy. Comparisons
made in figures 13 and 14 show that about four components
are sufficient and that the addition of two more is not worth
the extra work.

Pressure distribution on wing of wing-body combination.—
The distribution of the pressure acting on the wing of the
combination can be determined in a manner similar to that
for the wing-body juncture by adding to the wing-alone
pressure those due to the Fourier components.  The result-
ant pressure distribution for the wing based on four Fourier

components is shown in figure 15. For small values of Ba

the higher-order oscillations in the pressure coefficient as
shown in figure 13 have been ignored, and the curves have
been faired through them.
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Ficure 15.—Theoretical pressure distribution acting on wing of
combination; wing-incidence case.

Since the region of influence of the body on the wing is
confined to the wing region downstream of the Mach lines
emanating from the leading edge of the juncture, in front
of this line the pressures are uniform at the two-dimensional
value, and behind the line there is a decrease in the magnitude
of the pressure coefficient. If the body were a perfect
reflector, that is, a vertical wall of infinite extent, then
there would be no pressure loss. However, the pressure
pulses originating on the wing are only in part reflected by
the circular body. The efficiency of the body as a reflector
is discussed subsequently in connection with span loading.
The tendency of the pressure to increase in magnitude near
the inboard trailing edge is due to the effect of the opposite
wing panel which at the wing juncture is felt downstream

Lo
of the point Fa——w.

Span loading.—The span load distributions for a range of
rectangular wing-body combinations with the body at zero
angle of attack can be determined from the pressure distri-
butions of figures 13, 14, and 15. Since the pressure dis-
tributions of figure 15 are in a form independent of Mach
number, it is convenient to define a span loading which is
an integral of these distributions.

b L ] )
TR
SPLLCHEs

The quantity in the square brackets is taken to be the span
loading. If all distances are taken in units of the body
radius, then “a’’ can be set equal to unity in the formulas,

The pressure results of figure 15 are for values of the effec-
tive chord-radius ratio of 4 or less and for values of the
effective aspect ratio of 2 or greater. Span loadings for

. . C .
any combination of 8d (or ¢*) and B4 in these ranges can be
a

obtained by integrating the pressure distributions. The
span loading evaluations have been made for ¢*=4 and
BA>2. First the span loadings due to the various Fourier
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components are discussed, and then the span loadings for
the actual wing-body combinations are presented.

In figure 16, the contributions to the span loading for the
first three Fourier components are shown. For n=0 the
pressure field does not depend on 8, being axially symmetric,
and a constant loading exists on the body. However, on
the wing as the spanwise distance increases there is a decrease
in the span loading, due primarily to decrease in the length
of chord over which the interference pressures act. The
span loading due to the first Fourier component causes a
loss of lift everywhere along the span.

1,6
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/ ( n=| /
- 8L
>
? Body wing
0
LI yd
NYh -16 j ,/
- //
g Ve
o’ /
3 /
= /
S -24 1/
o V4
/
/
/
/
-3.2
“t-Equation (58)
0
-40
485 10 20 30 40 50
yla

F16URE 16.—Theoretical span loading of various Fourier components
acting on combination of body and rectangular wing having effective
chord-radius ratio of 4; wing-incidence case.

A comparison of the results of figure 16 for n=0 and n=1
shows that the first Fourier component accounts almost
entirely for the effect of interference on the span loading of
the combination. For the body this fact is even more true
than for the wing. This fact is of considerable importance
since it gives a simple means of extending the lift and moment

results to larger values of fﬁ than those for which the pressure

distributions have been calculated.  Also, it suggests a simple
means of minimizing the adverse effects of interference on
lift as will subsequently be pointed out.

With the techniques of Laplace transform theory, it is
possible to obtain asymptotic formulas for the span loadings
of the various Fourier components. For the first Fourier
component the following asymptotic result has been obtained
by the standard methods of Laplace transform theory.
(See Appendix B.)

(a5 B

when B_a - (58)

<I‘/ 2a
x/Ba I/Ba

The asymptotic result for the span loading given by this
equation, when compared with the results of the exact cal-
culations in figure 16, is seen to be slightly low. However, for

values of __c(_l greater than 4 the difference between the results

decreases, and equation (58) tbus provides a satisfactory
means of extrapolating the results of the present calculations

for span loading to larger values of —CE

The asymptotic result has also been determined for the
higher-order Fourier components as a matter of interest.
The span loading is

()2 e

16 ( 2"+ ) (4n—1)! cos 2n6

_8Scos2nf
mn(4n*—1)r*"

xr
— a8 ;- >  (59)
r(2n1)?@n?—1)241 (5a>4 Ba

The results of equation (59) and the exact solution for n=1
in figure 16 both corroborate the fact that the span loadings

of all but the first Fourier component are negligible for Bcd >4.

It is also to be noted that the contribution to the loading of
the first component given by equation (58) increases without
limit as z— o ; whereas the span loadings of the higher-order
components are finite.

To obtain the span loading for the family of combinations

for which B—--—4 it is necessary o consider the loadings of

both the wing alone and the Fourier components. The
necessary calculations have been carried out, and the span
loadings for the family of combinations based on one and
four Fourier components are both shown in figure 17. The
loading due to the wing alone is also shown. No effect of
wing tips bas been included. It is to be noted in figure 17
that, whereas the loading on the wing due to its own pressure
field is constant, there is some loss on the body because of
the fact that the pressure field of the wing alone acts on the
body only if r>ga sin 8. However, if an afterbody is
included, some of the lift lost can be recovered. As has
already been pointed out, the pressures due to the first
Fourier components are positive on the upper half of the
wing-body combination and produce a loss of lift, as figure 17
shows. When the effects of four Fourier components are
taken into account, the net lift is slightly higher than that
for one Fourier component, but the difference is not signifi-
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Ficure 17.—Theoretical span loading for combination of body and
rectangular wing having effective chord-radius ratio of 4; wing-
incidence case.

cant. For most engineering purposes, one Fourier compo-
nent is sufficient for determining the span loading when
¢

—>4.

Ba —

Some insight into the mechanism of wing-body interference
can be gained by comparing the span loading for the com-
bination with those for two reference loadings: (1) the com-
plete reflection case for which the blanketed area of the wing
acts effectively at 14, and (2) the no-reflection case for which
the blanketed area of the wing is supposed to act effectively
at zero angle of attack. The span loading corresponding to
the first case of complete reflection of the wing pressure pulses
by the body is, in fact, the span loading marked ‘‘wing alone”’
in figure 17. A comparison of this curve with that based on
one or four Fourier components shows that the loading given
on the assumption that the wing blanketed area is fully effec-
tive in lift is too optimistic. Under the conditions of the
second reference loading, the sole purpose of the blanketed
area is to support lift generated by the wings. A comparison
of the span loading for this case with the true loading shows
that the average load on the body is well predicted, but that
the loading on the wing is underestimated. A comparison of
the true loading with those for the two reference cases reveals

the interesting fact that the body is somewhat less than 50
percent effective in reflection for this particular family of
configurations.

<
Ba
already presented are sufficient for obtaining span loading or
lift on either the wing or body for all combinations having
sufficiently large aspect ratios to avoid effects of the tips on
the wing-body interference. This is the case for BA>2. The
lift results are presented in terms of a nondimensional param-
eter ky, defined as the ratio of the lift on the exposed half-
wings in combination (exclusive of that on the body) to that
on the exposed half-wings joined together.

Lyc

few = L, ag=0

Lift.—For values of —~< 4 the pressure distributions

(60)

For ﬂia>4 the value of ky can be obtained by using the
asymptotic form of the span loading given by equation (58).

8 [c*—l—c* log (6—3% —g——log (c*—{-l):l
=1= 7" (2BA—1) '
oo (61)

kew

The values of ky have been determined from the pressure

distributions of figure 15 for values of ﬁ%_<_4 and from equa-

tion (61) for values ¢ of ﬂ%>4. The effect of the wing tips

has been taken into account by utilizing reference 20. The
results are shown in figure 18 wherein ky, is given as a function
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Ficure 18.—Lift effectiveness for wing or control surface in
combination with body.

of B_ca for various effective aspect ratios of 2 and greater. It
should be borne in mind that the results of the figure are for a
combination of body and rectangular wing or an all-movable,

rectangular control surface with no gap. It is noted in the

figure that the exact results for £ <4 can be faired into the

Ba

+ In reference 10 the asymptotic analytical expressions for kw and z.p/c are not precise by
virtue of an incorrect upper limit on an integral. The maximum numerical error in kw is
about 0.01 and in z.,/c about 0.03 for very large values of c*. The precise values are given
in this report. Those for 84 =2 are unchanged.
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asymptotic results for Ec—a>4, thereby providing a design
chart for engineering purposes for the entire range of B%

The curves of figure 18 illustrate the decrease of ky as £

pa

increases at constant effective aspect ratio, and the slow in-
crease of kyw as the wing chord becomes very large. The loss
of lift is most serious for BA=2, being about 15 percent in
the worst case.

A practical point in connection with the loss of lift on the
wing due to interference is that this loss occurs no matter
what the body angle of attack, even though the calculations
are made for az=0. It occurs either in the case of a wing
mounted on a body or in the case of a deflected all-movable
control surface. For wings with swept leading edges for
which all of the wing area lies in the region affected by the
interference, even larger losses than occur with rectangular
wings are to be anticipated. However, the loss of lift at the
design condition can, at least in principle, be largely pre-
vented by designing the fuselage so that it conforms to the
first Fourier component in the wing-alone flow. This would
involve contracting the fuselage above the horizontal plane
of symmetry in a rotationally symmetric fashion and expand-
ing a like amount beneath the horizontal plane of symmetry.
Whether or not such a change would improve the lift-drag
ratio can best be determined by experiment.

Center of pressure.—The center-of-pressure locations
have been calculated for the same range as the lift results of
figure 18. The center-of-pressure location in chord lengths
behind the leading edge are presented in figure 19. For large
values of ¢*, an asymptotic result has been calculated for
Z.p/c using the methods of Laplace transform theory and con-
sidering only one Fourier component.
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Ficure 19.—Center of pressure for wing or control surface in
combination with body.

The values of ic‘l have been determined from the pressure
distributions of figure 15 for values of 3%54 and by equation
(62) for values of ﬂia>4' The loss of lift near the tips has

been taken into consideration. The exact results for 6%34

have been faired into the asymptotic results for large values

of 'BCE, by dashed curves to provide an engineering design

chart covering the entire range of L.

Ba
that this chart is applicable both to the wing of an airplane
or missile or to an all-movable, rectangular control surface
with no gap. The curves of figure 19 start at values of

It is again mentioned

Z/‘;—” corresponding to those for the wing alone at B_ca=0' As B%
increases for constant A, there is a forward movement of the
center of pressure because of the loss of lift due to interference
which is mostly effective on the rear of the wing. For the
lowest effective aspect ratio of 2 there is about a 4-percent
forward movement of the center of pressure due to interfer-
ence in the extreme case. For large effective aspect ratios
the forward movement is not nearly so large. As the value
of 2 increases for constant BA, there is an asymptotic

Ba
approach of the center of pressure back to the wing-alone

value.
ANGLE-OF-ATTACK CASE

In figure 4 (a) it is shown how the flow field of a combina-
tion can be built up of a body alone and two wing-body flow
fields. The first wing-body flow field ((2) of fig. 4 (a)) has
been solved in the preceding section, and we now solve the
second wing-body problem ((3) of fig. 4 (a)). The wing is
effectively twisted so that the slope of its surface is «, as given
by equation (1). It should be noted that the problem of the
combination and body with a rectangular wing twisted
according to the second term of equation (1) has been
solved by Bailey and Phinney in reference 11 using the
present theory. Their calculation is restricted to the body

30¢ Zfo(x)",’

Ficure 20.—Graphical representation of velocity amplitude funetions;
angle-of-attack case,
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Figure 21.—Interference pressure distributions of various Fourier components; angle-of-attack case.

and is carried out for downstream distances of 28a from the
wing leading edge. Actually, the results of reference 11
represent the difference between the angle-of-attack and
wing-incidence cases treated here and are in agreement with
the present results. This agreement is, in effect, an inde-
pendent check on the accuracy of the present numerical
results for the interference pressure distributions.

Wing-alone potential.—The first step in the calculation
is to determine the wing-alone potential. Because the wing
is twisted to conform to the body upwash field, this determi-
nation is fairly tedious and has been carried out in Appendix
C. The form of the wing-alone potential found in reference
11 is in agreement with those found herein for the wing-
incidence and angle-of-attack cases.

Fourier amplitudes of body normal velocity. —The velocity
amplitude functions for the present case were computed
numerically by performing a Fourier analysis of the calcu-
lated body normal velocity distribution at a number of body
cross sections.  An analytical determination was made of the
velocity amplitude functions by the authors of reference 11
for values of x< 2. However, for £2>2 the velocity amplitude
functions are said by these authors to lead to incomplete

elliptic integrals, and no analytical determination was made.
A numerical determination has been made herein for 0<ue<4.
The numerical values of the f,,(x) functions for this case are
tabulated in table IT and plotted in figure 20 for illustrative
purposes.

Interference pressure distributions.—The interference
pressure distributions have been caleulated by numerical
integration using equation (22). The results are shown in
figure 21. The interference pressure distributions are very
similar to those for the wing-incidence case, being about
twice as large.

Pressure distribution in juncture of wing-body combina-
tion.—The pressure distribution of the combination s
obtained by adding the interference pressure coefficients to
the pressure coefficients of the wing alone.  The results,
using four and six %, components, are shown In figure 22.
This figure shows that four components give a close approxi-
mation to the linear-theory value for z/8a>1. At z/Ba=0,
the wing leading edge, linear theory with Beskin upwash
theory gives exactly gP’/a=—4.0. For the region x/8a<{1
the higher harmonics have their greatest importance, and
many components would be nacessary to get good accuracy.
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-40 of the opposite half-wing reaching the wing-body juncture
! ] ] } [ at this point as shown in the sketch.
32 ] 5% Fourier components Juncture \\GK ) It should now be noted that the pressure distribution for
N\~ {Four Fourier components /’, L the case of the body at angle of attack with the wing at zero
'\ K\ &m—g angle of incidence is represented by the sum of cases (1) and
s 24 \ J \ (3) as given by figure 4 (a). However, we are neglecting the
a5 == contribution of case (1) because it is small. The contribu-
sle 1 S tion to the pressure coefficient represented by case (1) is
that due to a yawed infinite cylinder since we are neglecting
nose effects. This contribution, which is clearlv present in
-8 front of the wing, is
P :
0] — )=az(l1—4 cos’d) (63)
0 3 10 15 20 25 30 35 40 o5
x/Ba

Ficure 22.—Theoretical pressure distribution at wing-body juncture
of combination using four and six Fourier components; angle-of-
attack case.

However, satisfactory accuracy can be obtained by fairing a
curve through this region since both end points are known.

One item of interest in figure 22 is the increase in the
magnitude of BP/ap near point 1. This is due to the influence

For the juncture of the combination (§=0°) the contribution
is about 0.1 for az=2° and 0.3 for ag=6°. At ap=2° the
effect is thus negligible compared to P/ap of about 4, and at
ap="6° there are definite nonlinear effects that make a pre-
cise application of linear theory inaccurate. For these
reasons the contribution given by equation (63) has been
neglected. For the top and bottom of the body the contri-
butions are one-third of the foregoing and hence are also
negligible.
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Pressure distribution on body of wing-body combination.—
The pressure distribution on the body is also obtained by
adding the interference pressure coefficients to the pressure
coefficients due to the wing alone. The interference pressure
distribution for any value of ¢ differs from that in the wing-
body juncture, 6=0, only by a cos 2n6 factor. For example,
in the juncture cos 2n8 is always 4+1. On top of the body,
8=r/2, cos 2n6 alternates between +1 and —1 as n increases.
On the #=7/4 meridian cos 2n8 has values of 0, +1, and —1,
so that when n is odd P,,=0. The pressure distributions on
the top meridian of the body and on the §=45° meridian of
the body are shown in figures 23 and 24, respectively.
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Ficure 23.—Theoretical pressure distribution on top of combination
using four and six Fourier components; angle-of-attack case.
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Ficure 24.—Theoretical pressure distribution on 6§=45° meridian of
body of combination using four and six Fourier components; angle-
of-attack case.

Several interesting effects are exhibited by figures 23 and
24. The step in the wing-alone pressure at x/8a=1 in figure
23 is effectively canceled by the interference pressure from
#/Ba=1 to z/Ba=r/2, and for r/8a">w/2 the pressure increases
rapidly. The effect of the interference pressure in canceling
the effect of the wing alone on the top of the body from
x/Ba=1 to z/Ba=m/2 is to be expected since the wing of the
combination can have no effect on the body in front of the
Mach helix (point 1 of sketch) originating at the leading edge
of the wing-body juncture. If an infinite number of com-
ponents had been computed, the combination pressure

coefficients would be identically zero from z/8a=0 to z/Ba=
w/2. The same effects are exhibited by figure 24 except that
the wing-alone step occurs at x/Ba=+2/2 and the Mach
helix intersects the meridian at xz/8a=w/4, point 1. The
Mach helix from the opposite wing panel intersects the
meridian at point 2 causing an additional pressure rise.
Since the region in which SP/as=0 is known and since the
exact linear theory is well approximated by four components
for large values of x/Ba, theoretical curves of good accuracy
can be faired from figures 23 and 24. The area under the
high peaks in the curves near z/8a=w/4 would become in-
finitesimal if an infinite number of interference pressure
components 'were taken.

Pressure distribution on wing of wing-body combination.—
For the region in front of the Mach wave from the leading
edge of the juncture, the calculation of pressure coeflicients
is just a wing-alone problem. The pressure coefficients
in this region can therefore be obtained directly from the
wing-alone potential as given in Appendix C. The result is

P=—2ay [1+@T_yz—2)3,—2:| (64)

In the region behind the Mach wave the pressure coeffi-
cients were obtained directly from the W,,(z, r) functions,
as was done on the body. The results of these calculations
for the wing pressure distributions are shown in figure 25
and are to be compared with the pressure distributions of
figure 15.

Span loading.-—The span loadings have been determined
by graphical integration of the pressure-distribution curves
of figures 21 to 25. For a combination with a value of
c/Ba of 4 the span loadings associated with the various
Fourier components are shown in figure 26, which is to be
compared with figure 16 for the wing-incidence case. The
magnitudes for the n=0 harmonic of the angle-of-attack
case are about twice those for the wing-incidence case, but
otherwise the two cases are similar. The span loading
including wing-alone and interference effects is shown in
figure 27, which is to be compared with figure 17. The
important difference is noted that the peak span loading is
nearly equal to the root loading in the angle-of-attack case,
but is considerably greater than the root loading in the wing-
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FIcure 25.—Theoretical pressure distribution acting on wing of
combination; angle-of-attack case.
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Ficure 26.—Theoretical span loading of various Fourier components
acting on combination of body and rectangular wing having effective
chord-radius ratio of 4; angle-of-attack case.

incidence case. Because of the difference in the shape of
the span loadings, a different trailing vortex pattern would
be associated with each. No effect of wing tips is included
in figures 26 and 27.

Lift.—From the theoretical wing pressure distributions of
the combination the lift of the wing panels in the presence
of the body can be calculated as a function of 84 and ¢/Ba.
To show how the body upwash is effective in increasing the
lift of the wing, a factor Ky has been calculated. This
factor has been defined as

w=0 (65)
Here Ly is the lift of the panels in the presence of the body
and Ly is the lift of the wing panels joined together at angle
of attack ap. In calculating Ly first the lift of the exposed
panels as part of the wing alone must be calculated. This
was done by thke use of reversibility theorems described in
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Ficure 27.—Theoretical span loading for combination of body and
rectangular wing having effective chord-radius ratio of 4; angle-of-
attack case.

reference 21. The lift of the entire wing alone including
the blanketed area was so determined. The Ilift of the
blanketed area was then calculated from the potential
function given in Appendix C and subtracted from the lift
of the entire wing alone to get the lift of the panels. The
loss of lift on the panels due to interference as determined
by graphical integration was then subtracted to get Lyc.
The values of Ky so calculated are shown in figure 28 (a)
as a function of ¢/8a and in figure 28 (b) as a function of a/~.
Figure 28 (a) shows a large effect of A at constant c/Ba;
whereas figure 28 (b) shows a small effect of B4 at constant.
als.

In figure 28 (b) the effect of aspect ratio on Ay at a fixed
value of a/s is less than the precision of the calculations as
indicated by the cross-hatched area. For comparison the
values of Ky calculated from slender-body theory have been
included in the figure

(=)

(66)
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Ficure 28.—Concluded.

The close agreement between the linear-theory results for
the present case and the slender-body-theory results is
noteworthy since the rectangular wing and body combina-
tions considered here are not slender. This result suggests
that slender-body theory can be used for calculating lift
ratios for nonslender configurations.

III. COMPARISON OF EXPERIMENT AND THEORY FOR
RECTANGULAR WING AND BODY COMBINATION

APPARATUS AND PROCEDURE

An investigation to evaluate the present theory was made
in the Ames 1- by 3-foot supersonic wind tunnel. This wind
tunnel was equipped with a flexible-plate nozzle that could
be adjusted to give test-section Mach numbers from 1.2 to
2.2. The pressure measurements are obtained as photo-
graphic recordings of a multiple-tube manometer board
using dibutyl phthalate as the fluid.
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FiGURE 29.—Pressure distribution model (all dimensions in inches).

The sting-supported model, which is diagrammed in figure
29, is a combination consisting of a cylindrical body with an
ogival nose and a rectangular, wedge-shaped wing. The
dimensions of the model are given in figure 29. The wing
was made 10 percent thick to minimize aeroelastic effects.
It was mounted in the body by means of a set of angle blocks
which enabled the flat wing surface containing the orifices
to be set at 0°, —1.9°, —3.8°, and —5.7° angles of incidence
with respect to the body center line. The pressure orifices
were all located on the upper surface of the modzl. The 47
orifices were distributed along seven spanwise stations in
order to give a comparison with theory for the wing and the
body. The locations of the orifices are given in table III.
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Since this investigation required a comparison of the data
for several Mach numbers and Reynolds numbers at the same
values of ap and iy, it was necessary to set ap and iw ac-
curately for each measurement. The sting support by which
the model was mounted had sufficient flexibility that it was
deemed necessary to have means for accurately setting the
values of ap and iw under tunnel operating conditions. The
values of 1y were accurately set by means of angle blocks in
the body. The angle of attack was set by a special image
projection device. A mirror was inserted in the schlieren
system so that an image of the model was cast upon a screen.
With the wind off, the model was set at the desired value of
ag and the inclination of the model image was marked on the
screen. With the tunnel in operation at the desired pressure,
the angle of attack of the model was adjusted until the
inelination of its image was parallel to the calibration line
made on the screen with the wind off. To check this
method, a horizontal and vertical wire grid was placed on the
tunnel window and schlieren pictures were taken of the model
while the tunnel was in operation. These pictures showed
that the image projection device set ap to within +0.07° of
the desired value. It was especially necessary to set ap
accurately for the small angles to avoid large percentage
errors in the angle setting.

The model angle of attack ranged from +6° to —6° in 2°
increments, and the wing-incidence angle ranged from 0° to
—5.7° in 1.9° increments. The test was performed at the
two Mach numbers 1.48 and 2.00 and at the Reynolds
numbers of 0.6, 1.2, and 1.5 million, based on the wing chord.
The model was tested for all combinations of these values of
the four parameters investigated.

A complete set of data in the form of P for the Reynolds
numbers 0.6, 1.2, and 1.5X10° at M=1.48 and for R=
1.5X10% at M=2.00 is presented in table IV. These values
of P are, for the most part, averages of two readings.

REDUCTION AND ACCURACY OF DATA

All data are reduced to the coefficient form (p—p1)/g..
Actually the quantity (p—pr)/gr was measured, and subse-
quent corrections were applied to change the reference static
Pressure to p; (p; is the static pressure at the particular orifice
in question when az=1iz=0°) and the reference dynamic
Ppressure to ¢,. Since p; includes the effects of nose thickness
and stream angle, using p, as a reference pressure minimizes
these effects and essentially gives only the pressures due to
the angle settings of the model. The dynamic pressure was
adjusted from ¢r to g, on the basis of a previous pressure
survey of the tunnel. This latter adjustment was negligible
for M=1.48 and amounted to less than a 3-percent correction
for M=2.00. For the purpose of comparison with theory
the pressure coefficient (p— p1)/¢, is reduced to the parameters
BP/ag for 1,=0° and BP/iy for ap=0°.

Two types of errors entered into the experimental investi-
gation: systematic errors and random errors. In this paper
accuracy will be taken as the ability of the experimeut to
give the true values without nose effect or stream angle and,
hence, is a measure of the systematic errors. Precision will
be taken as the ability to repeat the data ‘and, hence, is a
measure of the random errors in the experiment.

Several factors contributed random errors. The major
factor was the error in the angle-of-attack setting. The un-
certainty in each angle setting was +0.07°, but each measure-
ment was dependent upon two angle settings: the setting for
the condition represented and the setting to determine the
zero correction. This leads to a net uncertainty of 0.1°
which would account for a 5-percent error for angles of +2°.
Most of the remainder of the uncertainty in the data is due
to the fact that the reference wall static pressure in the tunnel
changed slightly from run to run while the total pressure
remained constant. Although the magnitude of this pressure
change was quite small, it was large enough compared to the
small pressure differences for the 2° angle settings to cause
as much as a 3-percent error. In addition to these factors,
between 1-percent and 2-percent uncertainty was observed
in reading the data from the manometer-board pictures.

To determine exparimentally the precision of the data, a
large number of repeat measurements were taken and
compared. It was found that for ap or ip=4+2° two
independent determinations of 8P/ay or 8P/iy differed from
each other by 47 percent on the average. For aporigp=+4°
and ag or iy= +6°, the experimentally determined precisions
of BP/ap and BP/ig are +4 percent and +2 percent, respec-
tively. The precision in 8P/ap increases with the magnitude
of the angle because a large part of the random error is due
to the angle setting. The known major experimental errors
are due to stream-angle and body-nose effects. The effect
of these factors was not determined, but, as previously
described, corrections were applied to minimize their effect,
assuming the effects did not vary appreciably with angle-of-
attack settings. This assumption should be good for the
body-nose effect. However, it is not necessarily a good
assumption for the stream-angle effect since the stream
angle varies with vertical location in the tunnel and the
model moves approximately 6 inches in a vertical direction
between ap=-+6° and az=-—6°. Since the stream-angle
correction that was used was obtained for the az=0° position
in the tunnel, data obtained at ap=0° should have no
appreciable error due to stream angle. For other values of
ag, some error due to stream angle is possible.®

For the purposes of this paper, the important question is,
“How well does theory predict the experimental data?”’
Direct comparisons between linear theory and experiment
will be made only for ap=42° and ip=—1.9° data. In
figure 30 experimental pressure distributions in the wing-body
juncture obtained from two independent measurements with
1w=—1.9° and ap=0° are shown together with a faired
curve of their average values. The +7-percent limit of
precision about the average value is represented by the
dotted lines. The figure shows that the theoretical value
generally lies between these dotted lines, and therefore the
theory predicts the experimental values within the precision
of the data in this example.

GENERAL PHYSICAL PRINCIPLES
Before the discussion of the results of the investigation in
detail, it is well to give first a general physical description
of the effects to be expected. Figures 31 and 32 show
8 A stream-angle and pressure survey of the wind tuenel in the vertical plane of symmetry

indicated that stream-angle variation caused the magmitude of the experimental values of
BPlag to be 4 percent high on the average.
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Ficure 30.—Comparison between two independent readings of pressure
distribution in wing-body juncture; ap=0, ip=1.9°, M=1.48,
R=1.5X10¢,

————— Intersection of Mach
cones with surface
of combingtion

Figure 31.—Isometric drawing of pressure distribution acting on
combination of body and rectangular wing; angle-of-attack case.

qualitatively the pressure distributions to be expected on a
rectangular wing and body combination for the angle-of-
attack case and the wing-incidence case, respectively. The
chordwise variations of the coefficient, P/ag or BPjiw, are
shown for five stations by the shaded areas® These figures
show that Mach cones emanating from the wing-body
juncture determine the points at which the various effects
of wing-body interference are felt. On the cylindrical body
the pressure coefficient is zero in front of the Mach helix
originating at the leading edge of the wing-body juncture.
The body pressure coefficients here are taken as zero because
the effects of crossflow on the body pressures are very
small, as shown in connection with equation (63). However,
as shown by the two stations on the body, the pressure rises
abruptly behind this Mach helix, point 1, in both figures.
The Mach helices from the two wing panels cross the §==/2
station simultancously so that there is only one large increase
in the magnitude of the pressure coefficient. These Mach
helices cross the §=3=/4 station at two different points so
that beyond point 1 there is a secondary increase in the
pressure coefficients at point 2. These Mach helices continue

8 The pressure distribution shown for the §=3x/4 station on the body is identical to the
pressure distribution for the 9=x/4 station due to the symmetry of the model.

to curl around the body until they strike the wing panel at
points 3, where part of the pressure disturbance continues
along the wing and part of it is reflected along another
Mach helix on the body, causing a further increase in the
magnitude of the pressure coefficients at points 4. Another
pressure disturbance originates at the trailing edge of the
wing-body juncture that causes the decrease in the magnitude
of the pressure coefficients noted at points 5 of the two
figures.

———~ Intersection of Mach
cones with surface
of combination

Figure 32.—Isometric drawing of pressure distribution acting on
combination of body and rectangular wing; wing-incidence case.

On the wing of the combination the pressure coefficient is
the same as that for a wing alone in front of the Mach wave
from the wing-body juncture, except that when the body is
at an angle of attack the body upwash effectively twists the
wing in a manner such that ay=as(1+a*/y?). Figure 31
shows this effect of body upwash along the leading edge of
the wing where the pressure coefficient decreases as y/a
increases because of the effective twist of the wing. The
importance of body upwash can be seen by comparing the
pressure distribution along the leading edge in figure 31 with
that in figure 32. The pressure cocfficient at the wing-body
juncture in figure 31 is twice that in figure 32 where there is
no body upwash. The pressure coefficient at any given
spanwise station remains nearly constant between the wing
leading edge and the Mach wave from the wing-body junc-
ture. Behind the Mach wave, interference from the wing-
body juncture causes the pressure coefficient to decrease in
magnitude as shown in the two figures.

EFFECTS OF ANGLE OF ATTACK

Comparisons between theory and experiment for the
angle-of-attack case are made in figures 33 for data at a
Revnolds number of 1.5X10% and Mach numbers of 1.48
and 2.00 with 1,=0° and ag= +2° and +6°.

Pressure distribution in juncture of wing-body combina-
tion.——A comparison between linear theory and experiment
for the pressure distribution in the wing-body juncture is
made in figures 33 (a) and 33 (b) for both Mach numbers.
The sketches show the pertinent Mach lines and the span-
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FicurE 33.—Pressure distributions due to angle of attack; R=1.5X108.

wise location of the orifices.” The experimental data points
from the wing surface on which a compression occurs (nega-
tive angle of attack) are represented by flagged symbols, and
the data points from the surface on which an expansion
occurs (positive angle of attack) are represented by un-
flagged symbols. The figures show that the theory predicts
the magnitude of 8P/ap about 5 percent below the average
of the ap= +2° experimental values at M=1.48 and about
15 percent below experimental values at M=2.00. The
chordwise variation is well predicted by the theory.

Linear theory predicts that the parameter S8P/agp is inde-
pendent of angle of attack. Actually it is not, and the
nonlinear effects of angle of attack cause a spread in the
data. It is possible to evaluate approximately the variation
in the parameter 8P/ay with angle of attack at the wing
leading edge. First the upwash just in front of the leading
edge was calculated using equation (1) which is based on
linear theory. Then the pressure coefficients at the wing
leading edge were computed using shock-expansion theory.
The values of 8P/ag for ag=—6° and +6° so calculated are

7 The location of these Mach lines is only qualjtative because the calculations were made
using shock-expaasion theory, with the assumption that there was no local Mach number
variation behind the leading edge of the wing. To simplify the sketches, the Mach: helices
on the body are represented as straight lines.

shown in figure 33 for values of y/a of 1.92, 2.58, and 3.92.
For M=148 body upwash caused the shock wave to be
detached from the wing in the wing-body juncture so that
no calculation of th¢ spread could be made there. For
M=2.00 it was found that near the wing-body juncture the
predicted spread in BP/ap between —6° and +6° was about
twice the experimental spread; whereas for y/a greater than
about 1.5 the experimental spread was fairly well predicted.
This difference between shock-expansion theory and the
experimental data in the wing-body juncture is probably due
to the combination of several things. First, near the wing-
body juncture the body upwash is modified by viscous effects.
Second, the theoretical spread was calculated at the leading
edge of the wing, and this value was assumed to apply rear-
ward to the first orifice. This assumption is probably good
beyond y/a=1.5 where the chordwise changes in pressure
are small back to the first orifice, but, in the juncture, the
changes in the chordwise direction are large near the wing
leading edge so that this assumption is probably invalid.
Third, the contribution of the body crossflow field previously
mentioned is present (eq. (63)). -

Another phenomenon not predicted by linear theory is
shown by figure 33 (a). The linear theory predicts that the
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Figure 33.—Continued.
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Mach helix from the opposite wing panel (see sketch) should
intersect the wing-body juncture at point 1, causing an
increase in the magnitude of BP/ag. This effect is observed
experimentally for negative values of ap in front of point
1 rather than exactly at point 1. The reason is that for
negative values of ap & compression occurs on the orificed
surface reducing the local Mach number from the free-
stream Mach number, thus increasing the Mach angle and
causing the Mach helix to shift forward. The result is the
spread of the data shown in figure 33 (a) near point 1. This
effect is not shown by figure 33 (b) because the Mach helix
lies more rearward for M=2.00 so that the orifices do not
extend to the Mach helix as shown by the sketch.

Figures 33 (a) and 33 (b) show that Mach number has no
effect upon the magnitude of the higher-order spread due to
angle of attack or upon the chordwise variation of 8P/ap,
but on the average the magnitude of 8P/ap is about 10
- percent higher for M=2.00 than for M=1.48.

Pressure distribution on top meridian of body of wing-body
combination.—A comparison between the linear theory and
experiment for the pressure distribution on the top meridian
of the body is made in figures 33 (c) and 33 (d). These
figures show that theory and experiment are in good accord
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for ap= +2°, particularly at M=1.48. However, nonlinear
effects due to ap cause a large spread between the data for
ap=-+6° and az=—6°. All the effects predicted to occur
on the body in the section of the report “General Physical
Principles’” are observed experimentally, but not exactly
at the points predicted because of nonlinear effects. The
pressure rise predicted at point 1 of figures 33 (c¢) and 33 (d)
occurs prematurely and is less abrupt than expected for all
angles of attack because of the boundary layer on the body.
The variation in local Mach number causes the Mach
helices to shift forward for the negative angles of attack
as discussed in the section treating the wing-body juncture.
The increase in the magnitude of BP/ap expected at point 2,

z/Ba=37/2, actually occurs at about z/fa=4 for ap=-—2°.
The decrease in magnitude of BP/ap that is expected at
point 3 actually occurs at about z/Ba=4.0 for az=—6°.

For the positive angles of attack the Mach helices are shifted
rearward so that these effects are not observed experimentally
in the range of z/8a measured.

Figures 33 (¢) and 33 (d) show that, in general, the
M=1.48 data are predicted better by the theory than are
the M=2.00 data. For M=2.00 there is an unexpectedly
large pressure coefficient in front of point 1 for negative
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Ficure 33.—Continued.

angles of attack. The predicted pressure coefficient due to
crossflow is only about 0.1 in units of the ordinate and hence
does not account for the observed effect at M=2.00. For
ap=—2° and M=2.00, 8P/ap dips slightly near point 1 and
then rises and overshoots the ay=-—6° data. This effect is
due to the boundarylayer condition on the body and will
be discussed in detail in the section dealing with Reynolds
number effect.

Pressure distribution on 6-=45° meridian of body of
wing-body combination.—A comparison between the linear
theory and experiment for the pressure distribution on the
6=45° meridian of the body is made in figures 33 (e) and
33 (f). Essentially the same effects are shown on this merid-
ian as on the top meridian.

Just as for the top meridian of the body the experiment is,
in general, better predicted by the theory for M=1.48 than
for M=2.00, and the same boundary-layer effects are evident
near point 1 for M=2.00.

Pressure distribution on wing of wing-body combination.—
Experimental chordwise pressure distributions on the wing
are shown in figures 33 (g) to 33 (n) for the four spanwise
orifice stations y/a=1.25, 1.92, 2.58, and 3.92. In front of
the Mach cone from the wing-body juncture no interference
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Ficure 33.—Continued.

is_felt from the wing-body juncture so that the theoretical
pressure distribution for a wing alone in the body upwash field
is used in this region. Figures 33 (g) to 33 (n) show that on
the average the wing-alone theory predicts magnitudes of
BP/ag about 5 percent below the measurements for ap= +2°
for M=1.48 and about 12 percent below the measurements
for M=2.00. The spread in the data between az=-46°
and ap=—6° is fairly well predicted by shock-expansion
theory for y/a greater than about 1.5 (figs. 33 (i) to 33(n)).
At y/a=1.25 the predicted spread (not shown) is too large,
just as for the wing-body juncture.

Some of the interference effects discussed in the section of
the report entitled ‘“General Physical Principles” are illus-
trated in figures 33 (g) to 33 (n). The interference effect from
the opposite wing panel is observed in figure 33 (g) where,
just in front of point 1, the same spread in the data occurs as
in the wing-body juncture. According to linear theory the
disturbance originating at the nearer wing-body juncture
should be felt at point 2 of figures 33 (i) to 33 (m), and the
magnitude of BP/ap should begin to decrease from the wing-
alone value there. These figures show that the magnitude
of BP/ap does decrease in the neighborhood of point 2. They
also show that, in general, the az=-+46° and the ap=—6°
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data come together in the neighborhood of point 2. This
convergence is due to a variation in the local Mach number
with ag. This is shown by the sketch in figure 33 (j)where
the disturbance from the wing-body juncture is first felt at
point 3 for azy= —6°, whereas it is first felt at point 4 for
ag=-+6° Since the magnitude of 8P/ay begins to decrease
as soon as this disturbance is felt, the magnitude of 8P/ap
begins to decrease at a smaller value of z/ga for ag= —6°
than for ay=+6°, thus causing the convergence observed.
The sketches in figures 33 (k) and 33 (m) show that the
disturbance from the wing tip should also cause the ay=-+6°
and ay=—6° data to come together beyond point 6 in these
figures. The figures show that the data not only come
together but actually cross over and reverse order just beyond
point 6.

The only significant effect of Mach number shown by
figures 33 (g) to 33 (n) is the approximately 10-percent-larger
values of 8P/ap for M=2.00 than for M=1.48. Nearly 40
percent of this difference may be due to differences in stream
angle in the wind tunnel for the two Mach numbers.

Span load distribution.—Span loading is defined for both
the body and the wing as the integral (see eq. (57))

f " [ Bl &ﬂ (&), c(-zf) & if a=1
° op ap Ba o \&p
The experimental and theoretical results for the span loading

distribution on the wing and body of the combination are
presented in figure 34. No account has been taken of tip
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Figure 34.—Span load distributions due to angle of attack;
R=1.5X108

effects in calculating the span loading because the twist of
the wing makes a determination of these effects a difficult
wing problem. The theory is thus valid only inboard of
point 2. If an approximate answer is needed, the Busemann
tip solution (ref. 20) can be joined onto the span loading at
point 2. Figure 34 shows that the theory is generally about
10 percent below experiment. This result is not surprising
in view of the comparisons between the experimental and
theoretical pressure distributions of figure 33. Of particular
interest is the fact that, in general, the higher-order differ-
ences due to ay that were so large for the pressure-distribution
results are negligible for the span loading distribution. The
only exception is on the top of the body, y/a=0, and M=2.00,

where the effects of boundary-layer and shock-wave inter-
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action are large. The explanation for the independence from
ap is that the higher-order effects on the top surface are
compensated for by higher-order effects of the same magni-
tude on the lower surface so that the net loading per unit
angle is very nearly independent of angle of attack.

EFFECT OF WING-INCIDENCE ANGLE

Comparison is made between theory and experiment for
the wing-incidence case for data taken at a Reynolds number
of 1.5 10° and Mach numbers of 1.48 and 2.00 with az=0°
and ip=—1.9° and —5.7°. It will be remembered from the
section on the accuracy of data that there is no appreciable
error due to stream angle for the wing-incidence case, and
the comparison between experiment and theory reflects this
fact.
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F1GURE 35.—Pressure distributions due to wing incidence; R=1.5X 105,

Pressure distribution in wing-body junctures.—The linear
theory and experimental pressure distributions in the wing-
body juncture are compared in figures 35 (a) and 35 (b).
The symbols in the figures are flagged to be consistent with
the use of flagged symbols for negative angle-of-attack data.
The figures show that the experimental values are about 5
percent below those predicted by the theory for iy=—1.9°.

The magnitude of the nonlinear effects due to iy is predicted

at the leading edge by shock-expansion theory. Figures
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Ficure 35.—Continued.

35 (a) and 35 (b) show that the spread predicted in this
manner can account for the experimental results. The pre-
mature increase in the magnitude of BP/iy near point 1 is
due to the effect of the opposite wing panel and variation of
the local Mach number as discussed in the angle-of-attack
section. No significant effect of Mach number was found
on the parameter SP/1y.

Pressure distribution on top meridian of body of wing-body
combination..—A comparison between the linear theory and
experiment for the pressure distribution on the top meridian
of the bodv is made in figures 35 (¢) and 35 (d). These
figures show that theory and experiment are in good accord
for iy =—1.9°. However, nonlinear effects due to i, cause
much larger differences between theory and experiment for
iw=-—>5.7°. This is consistent with the angle-of-attack
case where the higher-order effect due to az was large for
negative angles of attack.

All of the effects observed for the angle-of-attack case due
to disturbances from the wing are also shown to occur for the
wing-incidence case in figures 35 (¢) and 35 (d). The paths
of these disturbances as predicted by linear theory are shown
on the sketch, and the positions at which the effects are

expected to occur are shown on the abscissa.
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Ficure 35.—Continued.

The only significant effect of Mach number apparent in
figures 35 (¢) and 35 (d) is the larger boundary-layer and
shock-wave interaction for M=2.00 than for M=1.48 near
point 1. The M=2.00 experimental data for iy=—1.9°
dip and then overshoot at this point. This phenomenon is
discussed in more detail in the section of the report on
Reynolds number effect.

Pressure distribution on #=45° meridian of body of
wing-body combination.—Linear theory is compared with
experimental results for the pressure distribution on the
6=45° meridian of the body of the combination in figures
35 (e) and 35 (f). The effects shown by the figure sre con-
sistent with those shown for the angle-of-attack cese and
for the wing-incidence case on the top meridian of the body.

Pressure distribution on wing of wing-body combination.—
A comparison between linear theory and experinent for the
pressure distribution along several spanwise stations is made
in figures 35 (g) to 35 (n). The experiinental data (figs.
35 (k) and 35 (1)) show that, in general, 8P/iy for the tw=
—1.9° data is constant and nearly cqual to —2 in front of
the Mach cone. Behind the Mach cone the theory generally
predicts values about 5 percent above the experimental data
for tw=—1.9°. The higher-order effects due to iy cause
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Ficure 35.—Continued.

larger differences between linear theory and experiment for
iw=—>5.7°. The figures show that these differences are
well predicted by shock-expansion theory. The effects due
to the influence of the Mach waves are the same as those
discussed for the angle-of-attack case. There is no effect
of Mach number evident on the wing of the wing-body com-
bination other than that predicted by linear theory.

Span load distribution.—A comparison between the
theoretical and experimental results for span load distri-
bution on the wing and body of the combination is made in
figure 36 for iy=—1.9°. The decrease in the span loading
due to the wing tip was calculated by the mothod of Buse-
mann (ref. 20). In part (a) of figure 36, interference from
both the body and the wing tip is felt between points 1 and
2, but in part (b) no interference is felt between points 1 and
2, and the span loading is that of a two-dimensional wing
elone.

Figure 36 skows that, in general, the experiment is 5 per-
cent lower than the linear-theory prediction. Since all
pressure measurements for the wing-incidence case were
made for negative values of iy, the experimental values
used in this figure were obtained by doubling the values
of BP/iw obtained for iy=—1.9° rather than by considering
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Ficure 35.—Continued.

two surfaces as for the angle-of-attack case. Since this
increases the nonlinear effects of iy rather than minimizing
them, only the ip=—1.9° data (for which the nonlinear
effects are small) were plotted. However, the present
method is applicable to the prediction of the net span
loading for larger values of iy because the nonlinear effects
on the upper and lower surfaces tend to cancel each other,
as shown for the angle-of-attack case.

EFFECT OF REYNOLDS NUMBER

The primary effect of Reynolds number in this investiga-
tion was on the body. Reynolds number was found to have
no significant effect on the pressure distribution on the wing
of the combination for the range investigated. Figure 37
shows the boundary-layer condition, as observed in schlieren
pictures, on top of the body at the point of intersection with
the Mach wave from the leading edge of the wing-body
juncture for R=0.6 and 1.5%10°. The transition and
separation regions shown in figure 37 indicate approximately
the ranges of ap and iy in which the boundary layer changes
from laminar to turbulent or separated flow at the Mach
wave from the wing-body juncture. In laminar and turbu-
lent regions the flow remains laminar or turbulent across the
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Mach wave. Some of the Reynolds number effect shown
by figure 37 may be due to changes in the turbulence level of
the wind tunnel.

It is to be expected that data obtained for several angle
combinations within any one of the regions shown in figure 37
would show no significant differences due to viscous effects,
but that these data would differ from data in other regions.
For example, for AM=1.48 and R=0.6X10° the data for
ap=—2° with 2w=0° should differ from the data for
ap=—6° with 1»=0° because transition occurs at the shock
wave for the latter case but not for the former. That there
is a difference is shown in figure 38 where the pressure dis-
tributions on top of the body for these two conditions are
compared. In front of the shock wave the flow is laminar
for both angles of attack so that there is no difference in the
two sets of data. However, for az=—6° transition occurs
at the shock wave and the pressure rises as predicted, while
for ap=—2° laminar flow persists behind the point at which
the shock is expected and the pressure rise occurs much later
than predicted. In fact, the pressure rise does not occur
until the transition point shown in the figure is reached, and
then it tends to overshoot. This phenomenon of the delayed
pressure rise was observed to occur whenever laminar flow
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persisted beyond the point at which a shock wave from the
wing was predicted to exist. When the disturbance from
the wing is an expansion wave, the pressure-coefficient curves
rise approximately as predicted, regardless of the type of
boundary layer. The conditions for which this delayed
pressure rise was observed to occur are shown by the dotted
areas in figure 37. Two other examples of this phenomenon
may be seen near points 1 of figures 33 (d) and 35 (d) for
ap=—2° 1»=0° and ap=0°, ip=—1.9°, respectively.

In figure 39, the pressure distributions on top of the body
are compared for three Reynolds numbers. It is shown that
data for the two highest Reynolds numbers, =12 and
1.5X10%, agree well, while the data for the lowest Reynolds
number differ from those for the higher Reynolds numbers.

COMPARISON WITH THEORY FROM OTHER SOURCES

The three theories for which numerical results are available
are compared in figure 40. The theory due to Ferrari was
obtained by cross-plotting from a figure in reference 22 so
that the curve shown is only approximate. The theoretical
curve due to Morikawa is obtained from tabulated results
given in refercnce 4. The experimental-data region was
determined by the extreme values obtained for az= +2° for
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Ficure 36.—Span wing

Mach numbers 1.48 and 2.00. From this figure it appears
that either the theory of Morikawa or the present theory can
be used to predict the pressure distribution in the juncture
of & wing-body combination. Ferrari’s theory predicts
values that are somewhat low at the leading edge of the wing,
but it appears that if numerical results were available beyond
z/fa=0.7, they would lie within the experimental range.
For a more complete comparison of the theories of Ferrari
and Nielsen, see references 9 and 23.  Except for the present
theory, no numerical results for the pressure distribution on
the body were available for comparison.

CONCLUSIONS

A theory of wing-body interference for supersonic speeds
has been developed. The theory was applied to the calcu-
lation of the separate effects of body angle of attack and wing
incidence on the pressure distributions acting on a rectan-
gular wing and body combination. On the basis of compar-
ison between the theoretical predictions and experimental
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measurements, the following conclusions are drawn:

1. The present theory predicts the pressure distributions
due to wing incidence about 5 percent high for angles up to
2°. However, the pressure distribution due to angle of
attack is predicted about 5 percent low for A=1.48 and about
10 percent low at M=2.00 for angles between +2° and —2°.

2. Nonlinear effects due to angle of attack and wing-
incidence angle are large. On the wing the difference from
linear theory due to nonlinear effects of angle can be pre-
dicted by shock-expansion theory, except near the wing-body
juncture for the angle-of-attack case.

3. Span loading was shown to be predicted within +10
percent for both the body and the wing. The predicted span
loadings are high for the wing-incidence case and low for the
angle-of-attack case.

4. For the angle-of-attack case, the pressure cocfficients
on the wing are experimentally about 5 percer.t higher for
M=2.00 than for A/=1.48, when reduced to = form that is
theoretically independent of Mach number  Otherwise
Mach number has no important effect.

5. Viscous effects are important only on the body where
the shock wave from the wing causes large boundary-layer
and shock-wave interactions for some angle conditions.
AMES AERONAUTICAL LABORATORY '

NatioNanL Apvisory COMMITTEE FOR AERONAUTICS

Morrerr Fiewp, Cavrr., Jan. 4, 1954




APPENDIX A
DECOMPOSITION OF BOUNDARY CONDITIONS OF WING-BODY COMBINATION

A detailed analysis of the boundary conditions for a wing-
body combination is now carried out for the following
conditions:

1. The wing is a flat plate in the z=0 plane.

2. The body is an infinite cylinder, the r=1 cylinder.

3. The leading edges of the wing are supersonic.

4. The Mach number is 2.

Consider a wing-body combination corresponding to figure
4 (a) and shown in greater detail in figure 41 (a). The
potentials for the flow must satisfy several conditions:

1. It must be a solution of the wave equation.

2. It must produce no flow normal to solid boundaries.

3. It must produce no upstream-moving disturbances.?

Cg
Ty =y —")
/lj V cos gg=V f T ’ T 1
Vsinag
& = b5 + ¢
(a)
r=1 cylinders
v 7 S
=§{ —" 44 $=bh "¢
4’1, = ¢’d + 4’9
(b)

(a) Parallel and crossflow.
(b) Parallel flow.
(¢) Crossflow

F1GURE 41.—Decomposition of boundary conditions.

If ¢, is the potential for the complete flow about the wing-
body combination, then the boundary condition on the
wing is

32 2=0

(A1)

# Since the surfaces on which the boundary conditions are given are parallel to the x axis,
it is necessary to have this condition in order to differentiate upstream from downstream.

and on the body
(A2)

or r=1

The first step in the decomposition is tc break ¢, into a
potential due to flow along the z axis and one along the z
axis in accordance with the superposition principle

Potential ¢« = @ T
9—"’) : Vecosag=Vecosapt+ O
oz/.,
‘a‘g . VSin agp=— 0 +V sin ap
oz/.
Qf) onwing: —igV = —ixV 4+ 0
02 /:=0r
d¢ X _

(57)r=1 on body: 0O = 0 + ©

The flow conditions at infinity and the prescribed normal
velocities at the combination surface also obey the super-
position principle.

The next steps in the decomposition are to resolve ¢,
and ¢, into potentials that can easily be computed. The
decomposition of ¢, into wing-alone and body-alone problems
is illustrated in figure 41 (b).

Potential: oy = ©Pd + Pe
g_cp : V = 0 + |4
2/

00\ . _

55)». 0 = 0 + 0
O¢p

—O_E @WV
O¢

>r on body: 0 =i Jfan(x) cOs 2n0——i Jen(x) cOS 208
T/r=i1 n=o n=0

) on wing: —ip V=
z=0+

The potential ¢, due to the wing alone at incidence iw
produces a velocity field normal to the r=1 surface to be
occupied by the body. The normal velocity field is decom-
posed into a Fourier series. Since the wing leading edges
are supersonic, we can consider the flow above the z=0
plane alone. To preserve the wing-alone boundary condition
when ¢, is added, we must confine ourselves to cosine terms,
and, because of a vertical plane of symmetry, we must retain
only cosine terms of even multiples of 6 in the Fourier series.
To counteract the distortion of the r=1 surface due to the
wing alone, a body with opposite distortion is added in the
form of ¢;.

37
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The decomposition of ¢, into three components is convenient; a component ¢, associated with cylindrical crossflow, a
component, ¢, due to a distorted body alone, and a component ¢, due to a twisted wing alone.

Potential: 0o = @; + o + o
g%); 0= 0 + 0 + 0
gg)wi agV= ayV + 0 + 0
%), onwing 0 =a,V(1+%)+ 0 — Ve <l+z712')
(g_f),-l oncylinder: 0 = 0 43 fuu(@)ocos 2no—-2 Fun(2) cOS 2n0

The crossflow associated with ¢, causes an upwash distribu-
tion in the z=0 plane which requires an equal and opposite
twisted wing to counteract it. Again the r=1 surface is
distorted by the wing-alone flow field, and a cylinder with
opposite distortion is introduced in the form of ¢, to counter-
act the distortion.

Two convenient cases in the wing-body interference
problem are differentiated; the wing-incidence case in which
ap=0 but 10 and the angle-of-attack case in which
iw=0 but az>*0. The wing-incidence case is represented -
by ¢, and the angle-of-attack case by ¢..

APPENDIX B

ASYMPTOTIC SPAN LOADING FOR FIRST HARMONIC; WING-INCIDENCE CASE

The span loading for the first harmonic as given by

equation (57) is
INCANE

Let us take a=1, =1, and Py=—P,=P,; then the span

loading is
— * (P, _ 0¢, 4¢,
2}; ( ?.W dz= V7 w f do= Vi w

The method of calculating the asymptotic formula for the
span loading is first to expand the Laplace transform in a
series about the origin and then to take the inverse transform
term by term.

From equation (17)

t[ 2@ = Hv

It is now necessary to find the series about the origin for the
two parts of the transform of equation (B3).
From equation (47) there is obtained

B1)

(B2)

K, (sr)
sK,'(s)

(B3)

Fo()=L1f,@]=L (-12; f e iWVsin0d0> (B4)

Fs )_Z'LWVJ‘ ‘“dxfsm- : sin 6 df

21wVf sin Odﬂf e =dx

" sin 6 cos (18 sin 6) d6-+- if
[

(B5)

Fo="2"

(1]

sin @ sin (is sin §) dli]
(B6)

These integrals are given in terms of Anger and Weber func-
tions as given on page 310 of reference 24.

f " sin 0 cos (is sin ) dd—==F.(is) (Weber function)

f " sin 0 sin (is sin 9) dd==J,(is)  (Anger function)
The value of F,(s) is then
Fo(o=""" [E, (is)+iJ; o) (BY)

For small values of s the Anger and Weber functions have
the expansion

Ey(is) =2 [1+0(is)
. (B8)
Jiis) = Lis+0(isy!

so that

Fo =2 [ 2240 | B9)

The ratio of Bessel functions given in equation (B3) has
an expansion around the origin which is a doubly infinite
series of products of powers of s and log s.

K, (sr) =~ —(v+log r/2)—log s+0(s®)+0(s* log )
K () =—5—jlog (§)+o<s)+0(s3 log 5

K, (sr)
K/ (s)
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From equations (B9) and (B10) we get

2[=2f ()]
~(vin) (5

’LW2V> |:1_r_§+0(82):l [s(v+log r/2)+

Taking the inverse transform with the help of reference 25,
page 282, we obtain the desired result.

z Po 8
=2 (5;) o~ [ortlog r—r—tog w4,

8 r T
~=|1 — 4 B12
s log s-+0(s® log? ¢)] ™ |: o8 <2x +4x] B12)
so that For any Mach number and body radius
—o[*(Be)ap |8 [ tlogr/2)
L[ 2f < )dx:l ""[ s + 81 rla 2
logs 7 log s+-0(s log? s>:| (B11) f ) <Ba - <2x/ Ba)JF(x/ﬁa) s
(B13)
APPENDIX C

DETERMINATION OF WING-ALONE POTENTIAL FOR ANGLE-OF-ATTACK CASE

The first step in calculating the potential for the wing
alone will be to set up a mathematical model. Since the
exposed wing of the combination operates in the body upwash
field which effectively twists the wing, the wing-alone model °
is considered to be twisted in the manner predicted by Beskin
upwash theory for y>a

ap=ag <1 +§)= op (1 +?-}1§>

The concealed wing may be extended through the body
region in any manner but, since equation (C1) gives ay=2a5p
at both wing-body junctures, it is taken as a flat plate at
angle of attack 2«5 (see fig. 42).

(C1)

Swa

.

IF

- —— W - —

. i Body
Left hatf-wing _’r_sechon’—"*—‘R'gh’ half- wmg
(. I 1 1 1 1
-4 -3 -2 - O ! 2 3 4
y/e

Fiaure 42.—Shape of wing alone with effective twist produced by
body upwash field; angle-of-attack case.

The twisting of the wing is accomplished by superimposing
a series of flat-plate wings upon a basic flat-plate wing at
aw=2ay (see fig. 43). Each of the supecrimposed wings is
at an incremental angle of attack, and cach successive wing
terminates at a value of y greater than the previous one.
As these incremental values of a become infinitesimally small,
the resulting potential approaches that of a wing with the
twist defined by equation (C1).

For the purposes of deterinining the wing-alone potential,
the wing is considered to be composed of the three parts
shown in figure 42: the right cxposed helf-wing, the left
exposed half-wing, and the wing section inside the body.
The perturbation velocity potential is determined for each

¥ Both a and B are taken as uxﬁty.

of these wing sections and the results added together to
obtain the potential for the entire wing alone. Thus,
ew=ow,t ew, T ow, (C2)

Since the wing may be considered to be composed of an
infinite number of flat, rectangular wings, the expression

_Va _ —’y _ x
¢(aw,y)~——7rw (——x cos 1,/3:2—2“;-1/ cosh 1‘/y2+22+
S W C3
2 Cos g \/x"’—z“’) (C3)

from reference 6 for the velocity potential of a flat, rectan-
gular wing will be used as the basic relation for the calcula-
tions. Equation (C3) gives the velocity potential at any
point (r,y,2) due to a flat, rectangular wing at angle of
attack ay, terminating at y=0, and extending to « along
the positive y axis.””

Since the twisted wing was shown to be equivalent to a
basic flat-plate wing at angle of attack 2as plus an infinite
number of modifying flat-plate wings (see fig. 43), the po-
tential of the right half-wing may be written as

N
WR=<P(20!E,?/_1)+; p(Aas,y—10) (C4)

ay=2ag +Aa,+Aa2—7
/

PR R 2l AV ] /
{ 1 ] . /
] I Y 1 By g y
k bl 1 r 7 T
\ | i 1
] | | 1
b b
| 1 I
L A
1 H _ | T
! : ay=2ag | [ L—ay:2a5+Aq
: : i | --ay=2ag
]
1 | I H
LI ko)
Basic wing Twisted wing

Ficure 43.—Formation of twisted wing by superposition of inﬁnitg
number of flat plates.

10 The top and bottom wing surfaces are still considered independent.
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The first term on the right in equation (C4) is the potential
due to the basic exposed half-wing which terminates at the
wing-body juncture, y=1, and is at angle of attack 2as.
The second term is the potential of the N modifying wings
each at angle of attack Aa, and terminating at y=rx; where
1<n; < ®. Since equation (C3) is homogeneous with re-
spect t0 a, equation (C4) may be written

N
ow,=¢2azy—1)+25 o(ly—n)lar (C5)
From equation (C1)
2a3
Therefore,
T dn
W= ¢(2apy—1)—2asp . e(l,y—mn) = €7

where the limits of integration are determined by the range
of y on the wing included in the fore Mach cone originating
from the point for which ¢w, is being determined. From
figure 44 it is apparent from the equation of the fore Mach

FiGURE 44.—Upper value of y included in the fore Mach cone emanat-
ing from P;; g=1.

cone emanating from the arbitrary point P, for =1 that
=z 4 (n—y)’
Therefore, the upper limit of integration is

n=h+va'—z’

The lower limit of integration is at the wing-body juncture,
y=1. From equations (C3), (C7), and (C8),

(C8)

2Va (y 1) T _ —z(y—1)
we=R.P. 2 ————=—(y—1) cosh™ ——=——=+zcos™" —
{* N A I Ve V=1t o7
2Vap fv-%— V22 (y "7) ~ -1 ~x('.‘/'_ 7) ] d"?}
—F —zcos™! —2—"—(y—n) cosh™! zcos™!- - C9
x \/xz_—- v Vly—ny+2 17)2-1-2’2 Vy—np+ 22 ©9)
Carrying out the integration and combining terms gives plane, the potential for the other half-wing is simply obtained
by replacing y by —y in equation (C10).
ewp,=R.P. Vas[ _;cos ———-——_(y_l)-i-
® - =2 ow=ewp(Z,—Y,?2) (C12)
y bt z Combining equations (C10), (C11), and (C12) gives the
(y—————2 T Zz—y) cOs ‘/——————m— potential due to the entire wing alone.
xy - .’,!?2—'!/(:1/“'1)—Z2 —R.P. VaB { ( -1 -y -1 1+y
< cosh™! /£ pw—1t. cos cos +
Grave—y—2 " =2 = Vo
2 -1 —x(y—1) 1 (—L+y~2> cosh'—%
(s+ytz) cos o=t o= zz]} (€10 vtz —1rt 2

Equation (C10) gives the potential due to the exposed right
half-wing. To this must be added the potentials due to the
other two wing sections. The potential due to the section of
the wing in the body region is simply the difference between
the potentials of two flat wings at ay=2ap. One of these
wings terminates at the wing-body juncture at y=-—1,
figure 42, and extends (through the body) indefinitely in the
positive direction. The other wing terminates at the other
wing-body juncture, y=+1, and also extends indefinitely
in the positive y direction. The difference between the
potentials of these two wings is the potential of the wing
section in the body
¢WB=¢P(2°‘B,?/+1)—‘P(2“B»ZI_1) (C11)
The expression for ¢ (aw, ¥) is given by equation (C3).
Since the model is symmetrical about the vertical y=0

Yy 1 47 _
(y2+zz+y+2)°05h '(y+1)2 2 \y 42 z)

o1 —z(y—1) -1 (y+1)
[° Jortaye—2  Jatifae—2)t
xy [cosh_l 2?—y(y+1)—2°
G+ ANy 7 N
cosh~ il 1 y(y 1) 1]+2 (z——x)} (C13)

Investigation of ¢y as given by equation (C13) reveals
that there are three regions on the body in which the real
part of this expression assumes different forms. A fourth
region, region IV, is entirely on the wing and is, therefore,
not necessary for determining the normal velocity distribu-
tion on the body. These regions are determined by three
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[

=
< R =
A— \ Q._ I - 4_—

7/

=

11
v H
N
Figure 45.—Intersection of characteristic Mach cones with z=0 plane
showing corresponding regions.

characteristic Mach cones. One of the Mach cones origi-
nates on the body axis at =0, and the other two originate
at the leading edges of the two wing-body junctures (see
fig. 45). The expressions for the real part of ow in the three
regions on the body are:

Region I:

ow—=—— { [cos 1

Y RO
<y2+ 22+y 2> COSh \/m+

y1)+

Yy 4 x _®
(fature) ot T Y
-1 —2(y—1) -1 z(y+1)
I:cos Vy—1y+ 2o — 22+cos Vy+1) 4232 — 22]
LA yly—1)

N

¥y [cosh
RN

2_ 2
cosh™! x—;/%(:iil):l——%z—z)w} (C14)
Region II:
__ Ve L =)
ﬂaW—_'TIi - X COS 1 :/'x—;—zz'—

Yy _ —1 z —
<y2+22+y 2> cosh ‘/_:524_722

(g ) o x/@{)ﬁz\lfi‘—‘z *
(C15)
Region TIT:
¢w=-—V:B|:—x cos™! %_
(tarrr)eon oy
<?/2T22r 2> " —_1;(1232‘;;

(C16)
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TABLE I.—VALUES OF M,.(z)

z M ,(z) M;(z) M. (z) Mi(z)

0 - @ — @ — @ — o
05 . —. 531 —. 716
.1 —1. 321 —. 787 . 405 1. 334
R ¥ T R I SO [ 1. 155
.2 —. 868 —. 166 . 902 735
.25 . [ oo 279
R S . 131 . 831 —. 119
B S N —. 417
. 40 —. 538 . 304 560 —. 595
.45 .. S —. 675
.0 .. - 245 —. 655
.6 —. 378 . 450 —. 040 —. 417
P A I e __ —. 253 —. 070
R £ T S S . 095
.8 —. 292 . 457 —. 386 . 235
85 e 340
S ¢ L R, SO —. 434 406
B O e . 433
1.0 —. 224 . 392 —. 412 . 420
.Y . e —. 337 306
1.2 —. 180 . 294 —. 231 123
1.3 P DI —. 115 —. 062
1. 4 —. 147 . 188 . 000 —. 197
L3 ... . 095 —. 256
1.6 —. 122 . 088 . 163 —. 239
.7 ... 204 —. 162
1.8 —. 102 . 005 211 —. 062
1.9 [, I B _ 197 . 036
2.0 —. 086 —. 058 . 164 105
201 JE I 134
2.2 —. 073 —. 100 . 069 121
2.3 .. - . 020 085
2.4 —. 062 —. 123 . 022 036
2.5 | |- —. 053 —. 013
2.6 —. 053 —. 126 —. 073 —. 053
27 . I P —. 063
2.8 —. 045 —-. 119 —. 080 —. 059
29 || —. 071 —. 042
3.0 —. 038 —. 103 —. 060 —.019
31 L |_.__. _ —. 038 . 005
3.2 —. 031 —. 083 —. 019 . 022
3.3 el —. 002 030
3.4 —. 026 —. 061 . 011 028
3.5 (N B . 021 . 019
3.6 —. 022 —. 040 . 027 008
3.7 U M . 027 —. 002
3.8 —. 018 —. 022 . 025 —. 011
39 V.. 022 —. 014
40 —. 016 —. 007 015 —. 103

NOTE that Mz,(z)ﬁ—;l_\/;g—as 2—0.
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TABLE II.—VELOCITY AMPLITUDE FUNCTIONS

Angle of attack case, fiu(z) functions Wing-incidence case, f,,(x) functions
Jo S 1 fo fs T fo fa fi fo
Vagp Vag Vagp Vag Vagp Vag Viw Viw Viw Viw
0 0 0 0 0 0 0 0 0 0
. 001 . 003 . 001 . 003 . 003 . 004 . 0001 . 0003 . 0003 . 0003
. 003 . 008 . 004 . 007 . 005 . 007 . 0005 . 0010 . 0010 . 0010
. 006 . 012 . 008 .011 . 009 . 012 . 0011 . 0023 . 0023 . 0022
. 008 . 017 .013 . 015 .013 . 016 . 0020 . 0040 . 0040 . 0038
. 011 . 022 . 019 . 020 . 017 . 020 . 0032 . 0063 . 0061 . 0058
. 014 . 029 . 026 .025 . 022 . 022 . 0046 . 0091 . 0087 . 0080
.019 - 037 . 034 . 031 . 027 . 024 . 0063 . 0123 . 0116 . 0104
. 024 . 047 .043 . 037 .033 . 025 . 0082 . 0160 . 0148 . 0128
. 029 . 057 . 052 . 044 . 037 . 024 . 0104 . 0201 . 0181 . 0151
. 032 . 068 . 062 . 052 . 040 . 023 . 0129 . 0247 . 0217 . 0171
__________________________________________________________________ . 0156 . 0297 . 0253 . 0187
. 050 . 097 . 083 . 063 .038 . 014 . 0186 . 0350 . 0289 . 0197
__________________________________________ . 0219 . 0408 . 0324 . 0201
. 068 127 . 103 . 067 . 026 —. 007 . 0255 . 0469 . 0356 . 0196
. 079 . 143 112 . 067 . 017 —. 022 . 0293 . 0533 . 0395 . 0181
. 089 . 161 -120 . 065 .. 007 —. 041 . 0335 . 0600 . 0412 . 0155
__________________________________________ . 0379 . 0670 . 0432 . 0117
111 . 199 133 . 051 —.023 —. 080 . 0427 . 0742 . 0445 . 0065
__________________________________________ . 0478 . 0815 .0450 | —.0001
.136 . 238 . 140 . 026 —. 068 —.106 . 0531 . 0890 . 0447 | —. 0081
. 151 . 258 . 139 . 008 —. 090 —. 114 . 0589 . 0966 .0433 | —.0177
__________________________________________ . 0649 . 1043 .0408 | —.0282
________________________________________ . 0714 . 1119 0371 | —.0410
.196 .315 .126 —.065 —.116 it . 0781 . 1195 0320 | —.0536
. 214 .333 . 116 —. 086 —. 159 —. 114 . 0853 . 1269 .0254 | —.0679
__________________________________________ . 0928 . 1342 .0173 | —.0829
. 299 . 369 . 088 —.145 —.178 —. 082 . 1008 . 1411 .0074 | —.0085
. 208 .388 . 069 —.175 —. 182 —. 054 . 1092 1477 | —.0041 | —.1142
__________________________________________ . 1180 1539 | —.0174 | —.1297
. 308 - 420 .016 —. 236 —. 176 . 047 . 1273 1596 | —.0326 | —.1446
__________________________________________ . 1371 (1646 | —.0497 | —.1583
. . 353 . 450 —. 052 —. 286 —. 142 119 . 1475 .1688 | —.0686 | —.1703
.66 | . TS S I IR I . 1584 1722 | —.0893 | —.1808
It 2 N U S SR S R . 1689 .1746 | —. 1118 | —.1870
. . 429 . 476 —.181 —.322 =, 012 . 164 . 1820 J1757 | —.1359 | —. 1897
. . 457 . 478 —. 232 —.323 . 075 . 163 . 1948 1755 | —.1616 | —.1898
I 7 I R I I R S . 2084 1737 | —.1886 | —.1838
B S N I R U R R . 2229 21701 | —. 2164 | —.1739
I ¢S I (R S RS R R . 2382 .1644 | —.2451 | —.1563
. . 587 . 456 . 452 —.212 . 235 . 027 . 2546 1562 | —.2738 | —.1350
82 | | Ll ) . 2722 1452 | —.3021 | —.1063
. . 667 San —. 552 —.109 . 223 —.170 . 2912 1308 | —.3292 | —.0716
B 7 R N IR I A R .3118 S1125 | —.35390 | —.0312
It S N R SN R SR S . 3342 .0894 | —.3751 . 0136
. . 812 . 280 —. 673 .178 . 093 — 234 . 3591 0603 | —.3908 . 0609
52 N IR SRR R RN S . 3871 .0235 | —.3083 . 1075
I 7S N (N AU R R A, 4194 | —.0237 | —.3939 . 1480
. 1.013 . 004 —.623 . 397 —.263 062 4584 | —.0865 | —.3704 L1727
.98 1.121 —. 250 —.510 378 —.340 | 225 05098 | —. 1777, —.3121 . 1605
1. 00 1. 375 —. 669 —. 053 —. 025 —.0268 | —.0144 .  .6366 . —.4244 . —.0849 | —. 0364
L1 1. 385 —. 651 —. 047 ~. 032 —.0289 | —.0078 ! ; ] ! ‘ |
12 1. 393 —. 631 —. 045 —. 040 —. 0230 l —. 0108 ; | ,
13 1. 402 —.613 —. 045 —. 045 —.0192 | —.0118 ; ; g t (
14 1. 410 —. 592 —. 048 —. 047 —.0156 |  —.0152 i i { ‘
L5 L 415 —. 572 —. 055 —. 045 —.0166 | —. 0146 ! | ! i
1.6 1. 421 —. 550 —. 064 —. 040 —.0199 | —.0122 - | | |
L7 1. 424 —. 527 —. 075 —. 035 —.0224 | —.0115 ! 1 | |
L8 1425 —. 503 —. 084 —.033 —.0206 | —.0135 b ;
19 1. 424 —. 479 —. 088 —. 036 —.0195 | —.0127 } | l |
2.0 1. 421 —. 459 —. 087 —. 037 —.0203 | —.0129 _ |
24 1.384 — 434 —. 085 —. 036 —.0202 | —.0129 . | |
28 1. 356 —. 429 —. 085 —. 036 —.0202 | —.0129 i
32 1. 337 —. 427 —. 085 —. 036 —.0202 | —. 0129 :
36 1. 323 —. 426 —. 085 —. 036 —.0202 | —.0129
40 1. 314 —. 425 —. 085 —. 036 ~.0202 | —.0129 ‘ L
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TABLE III.—ORIFICE LOCATIONS ON WING AND BODY OF WING-BODY COMBINATION
[Dimensions in inches measured from wing leading edge]

y/a=1.020 (%) y/a=1.253 y/a=1.916 yla=2.583 y/a=3.916 0=90° 0=45°
0. 400 0.400 | o ________ 0.400 | _eo_____ —0. 281 0. 468
. 775 775 0.775 ¢ - 2 .219 . 968
1. 150 1. 150 L 150 1 150 1. 150 ~719 1. 468
1. 525 1. 525 1. 525 1. 525 1 525 1. 219 1. 968
1. 900 1. 900 1. 900 1. 900 1. 900 1. 719 2. 468
2. 275 2. 275 2. 275 2. 275 2. 275 2. 219 2. 968
2. 650 2. 650 2. 650 2. 650 2. 650 2.719
3.219
3.719

1 4-=0.75 inch.
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QUASI-CYLINDRICAL THEORY OF WING-BODY INTERFERENCE AT SUPERSONIC SPEEDS
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